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FFC: the FEnICS Form Compiler

* Automates a key step in the implementation of finite
element methods for partial differential equations

* |nput: a variational form and a finite element
* QOutput: optimal C/C++ code

a(v,u) = [ Vo(z) - Vu(z)deF—> FFEC —>poi sson. hB|

>> ffc [-1 | anguage] poisson.form
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Design goals

Primary goals:
* Any form
* Any element
* Maximum efficiency

Secondary goals:
* Create a new standard in form evaluation
* Integration with other FENICS projects (Robert Kirby, UofC)
* Integration with PETSc tools (Matthew Knepley, Argonne)
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Why a compiler?

* Add a new level of automation
° Don’t need to write the code anymore
© Less chance of making mistakes

* Add a new level of generality (any form, any element)

* Add a new level of efficiency
° New technigques of form evaluation
° New techniques of optimization

Generality Efficiency
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Compiler
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Outline

* Background

* Form evaluation

* Implementation

* Demonstration

* The FENICS project
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Background
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Main goal: the Automation of CMM

Au=f

P

TOL >0

* Input: Model Au = f and tolerance TOL > 0
* Qutput: Solution U ~ u satisfying ||{U — u|| < TOL

* Produce a solution U satisfying a given accuracy
requirement, using a minimal amount of work
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A key step: the automation of discretization

A

* Input: Model Au = f and discrete representation (V, V)
* Qutput: Discrete system F(x) =0

* Produce a discrete system F'(x) = 0 corresponding to the
model Au = f for the given discrete representation (V, V)
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Basic algorithm: the (Galerkin) finite element method

a(v,u) = L(v)

P

(V. V)

* Input: Variational problem a(v,u) = L(v) for all v and
discrete representation (V, V)

* Qutput: Discrete system F(x) =0
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Basic example: Poisson’s equation

* Strong form: Find u € C?(Q) with « = 0 on 92 such that
—Au=f 1In)

* Weak form: Find u € Hj(Q) such that

/ Vo(z) - Vu(zx)de = / v(z)f(x)de forallve Hy(Q)
Q Q

e Standard notation: Find v € V such that
a(v,u) = L(v) forallveV

witha : V x V — R a bilinear formand L : V — R a linear
form (functional)
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Obtaining the discrete system

Let V and V be discrete function spaces. Then
a(v,U) = L(v) forallveV

IS a discrete linear system for the approximate solution U ~ u.
With V' = span{¢;}™, and V = span{¢;}1,, we obtain the linear
system

Ar =0»

for the degrees of freedom = = (z;) of U = Z,f‘il x;0;, where

Aij = a(9s, ¢;)
bi = L(¢;)
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Computing the linear system: assembly

Noting that a(v,u) = > ey ax(v,u), the
matrix A can be assembled by

A=0
for all elements K €7
A+= AR

The element matrix A” is defined by

for all local basis functions ¢; and ¢; on K
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Form evaluation
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Multi-linear forms

Consider a multi-linear form
a:VixVox---xV, —R
with Vi, Vs, ..., V, function spaces on the domain )

* Typically, n =1 (linear form) or n = 2 (bilinear form)
° Assume Vi =V, = ... =V, =V for ease of notation

Want to compute the rank n element tensor A® defined by

A? — aK(¢i17¢i27"'7¢in)

with {#;}¢_, the local basis on K and multi-index
i = (41,12, ...,0p)
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The (affine) map Fx : Ko — K

X! =(0,0) X2 = (1,0)
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Example 1. the mass matrix

°* Form:

* Evaluation:
AK = / b i, da
K

= det F[,(/ (I)i1 (X)(I)ZQ(X) dX = A?GK
Ko

with A? — fKo (I)il (X)(I)h(X) dX and G = det F[/(
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Example 2: Poisson

°* Form:

* Evaluation:

AZKZ/ Vi, (x) - Vi, (v) dr
K

00X, 0X 0P, 0P,
o O (51 12 dX — AO Ga
Org Org Jx, 0Xa, 0Xa, oK

= det F

- 0 L 8@11 8@12 o / 8Xa1 8Xa2
with A? = fKO oo dX and G = det Fj - 7=
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Example 3: Navier—Stokes

* Form:
a(v,u) = / v-(w-V)udr
Q

* Evaluation:

K

0Xa,

0P;,
— det FK Do > Wa, / D, 81Dy, [on] )
Ky

with Ag fKo i [B1Pas | al]aq) NE dX and

0Xasq
00X,
G% = det Fj, K Tn 3wa

2
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Tensor representation

In general, the element tensor A* can be represented as the
product of a reference tensor A° and a geometry tensor G

Al = A5, G

o AY: atensor of rank |i| + |a| = n + |
* G atensor of rank |

Basic idea:
* Precompute A° at compile-time

* Generate optimal code for run-time evaluation of GG and
the product AY G%

1
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Example: Poisson with P? elements in 2D

4

0
0

0

-8
4

0
0

0

4

0

-4
8

4

4
0
0
0
4

4
8

4

-8

0]
3
A

4

1

0

0
0

0
-4

3

3

4
4

— December 20 2004 - p. 20

;2 CAM Seminar

Chalmers

Toyota Technological Institute at Chicago :: Anders Logg



Implementation
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FFC

* Implemented in Python

* Access: Python module or command-line interface
* FIAT used as the finite element backend

* Optimization through FErari

* Supports multiple output languages (formats)

a(v,u) = [ Vo(z) - Vu(z)de—> FFEC  —>poi sson. hB|
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Components

. ‘ Format \ :
] —_— 1
' [
' i
' :
‘ poisson.form | 'E' Parser Compiler f— .'" Poisson.h |
: 1 ;
L e mm——————— Jo.T.TAlll
I
FIAT FErari
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Representation of forms

* Need to build a data structure to represent forms:

Moy
0.y '

VP:{CHU: veVp, ceR}
VS:{Z’U: v e Vp}

Note: Vg C Vp C Vg C {v:N"x Q — R}
* Vs Is an algebra (a vector space with multiplication):

Ve =H ¢»:N—V}

v,we Vg=v+we Vg
v,w e Vg = vw € Vg
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Evaluation of forms

Forany v =" c[[0M.y/0z,, we have
A,{{ — afK(¢i17¢i27 K '7¢in) — / Uy dx
K
= Z (/ CH8|'|¢(.)/(9$(.) d:E)
K ()
— ZC& (/ H8|'|<I)(.)/0X(.) dX)
Ko
:ZAga K

where AV = (fKO HE)"'@(.)/E?X(.) dX) and G% = ¢,

1

1
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Implementation

* Build a class hierarchy: Basi sFuncti on, Product , Sum
corresponding to the spaces Vg C Vp C Vg

* Overload operators +, -, *,[ -], . dx(") :

(+:VB><VB—>VS (*:VBXVB—>V]D
<+:VB><VP—>VS <*:VBXVP—>VP
\+:V5><VS—>VS \*:V5><VS—>VS
* Examples:

a = v*u*dx

a = v.dx(1)*u.dx(1)*dx

a = vVv[i]*Wj]*u[i].dx(])*dx

L = v*f*dx + v*10*ds
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Demonstration
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Examples

o CL(
* a(v,u) :fQVv-Vudx:ng—&g—;dm

* a(v,u) = Jov- (w- V)ude = [, viw;0u;/0x; dx

-~

u) = [ovude

* Run demonstration
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The FENICS project
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The FENICS project

FENICS is free software for the Automation of Computational
Mathematical Modeling (ACMM), initiated in cooperation
between

* The Toyota Technological Institute at Chicago

* The University of Chicago

* Chalmers University of Technology (Goteborg, Sweden)
More information at htt p: / / www. f eni cs. org

I
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* Todd Dupont, University of Chicago

* Johan Hoffman, Chalmers University of Technology

* Johan Jansson, Chalmers University of Technology

* Claes Johnson, Chalmers University of Technology

* Matthew Knepley, Argonne National Laboratory

* Robert C. Kirby, University of Chicago

* Mats G. Larson, Umea University

* Anders Logg, Toyota Technological Institute at Chicago
* Ridgway Scott, University of Chicago

® FE Bengzon, N. Ericsson, G. Foufas, D. Heintz, R. Hemph, P. Ingelstrém, K. Kraft,
A. Krusper, A. Mark, A. Nilsson, E. Svensson, J. Tilander, T. Svedberg,
H. Svensson, W. Villanueva
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Projects

* DOLFIN, the C++ interface of FEnIiCS
° Hoffman, Jansson, Logg, et al.

* FErari, optimized form evaluation
o Kirby, Knepley, Scott
* FFC, the FEnICS Form Compiler
° Logg
* FIAT, automatic generation of finite elements
o Kirby, Knepley
* Ko, simulation of mechanical systems
° Jansson
* Puffin, light-weight version for Octave/MATLAB
° Hoffman, Logg
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TODO list

* Handle boundary terms correctly

* Integrate FFC with DOLFIN

* Integrate FFC with FErari

* Add a (non-trivial) parser

* Manual, installation, man page, ...

* Further information:

http://ww.fenics.org/ffc/
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Additional slides
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The Automation of CMM

Au=f

TOL

y
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