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FFC: the FEnICS Form Compiler

* Automates a key step in the implementation of finite
element methods for partial differential equations

* |nput: a variational form and a finite element
* QOutput: optimal C/C++ code

a(v,u) = [ Vu(z) - Vo(z)de—> FFEC  —>poi sson. hB|

>> ffc [-1 | anguage] poisson.form
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Design goals

* Any form
* Any element
* Maximum efficiency

Possible to combine generality with efficiency by using a
compiler approach:

Generality Efficiency
W, W, W,
C OC C . ) 3(7 J
Compiler
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Impressive speedups (typically a factor 10-1000)

FFC vs Quadrature at q = 3 (3D)
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Outline

* Background

* FFC as a component of FEnICS
* Complexity of form evaluation

* Benchmark results
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Background

1 1
Toyota Technological Institute at Chicago :: Anders Logg TTI-C Show and Tell - April 26 2005 - p. 6



Main goal: the Automation of CMM

Au=f

P

TOL >0

* Input: Model Au = f and tolerance TOL > 0
* Qutput: Solution U ~ u satisfying ||{U — u|| < TOL

* Produce a solution U satisfying a given accuracy
requirement, using a minimal amount of work
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Algorithm: the (Galerkin) finite element method

a(v,u) = L(v)

P

(V. V)

* Input: Variational problem a(v,u) = L(v) for all v and
discrete representation (V, V)

* Qutput: Discrete system F(x) =0
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Basic example: Poisson’s equation

* Strong form: Find u € C*(Q) with « = 0 on 92 such that
—Au=f 1In)

* Weak form: Find u € Hj(Q) such that
/Vu -Vo(x dx—/f x)dx forallv e Hi(Q)
e Standard notation: Find v € V such that
a(v,u) = L(v) forallveV

witha: V x V — R a bilinear formand L : V — R a linear
form (functional)
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Obtaining the discrete system

Let V and V be discrete function spaces. Then
a(v,U) = L(v) forallveV

IS a discrete linear system for the approximate solution U ~ u.
With V' = span{¢;}™, and V = span{¢;}1,, we obtain the linear
system

Ar =0»

for the degrees of freedom = = (z;) of U = Z,f\il x;0;, where

Aij = a(9s, ¢;)
bi = L(¢:)
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Computing the linear system: assembly

Noting that a(v,u) = > ey ax(v,u), the
matrix A can be assembled by

A=0
for all elements K €7
A+= AR

The element matrix A* is defined by

for all local basis functions ¢; and ¢; on K
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Multi-linear forms

Consider a multi-linear form
a:VixVox.--xV.—-R
with Vi, Vs, ..., V. function spaces on the domain

* Typically, r = 1 (linear form) or » = 2 (bilinear form)
°* Assume V; =V, = ... =V, =V for ease of notation

Want to compute the rank r element tensor A* defined by

A? — a’K(¢i17¢’i27"'7¢ir)

with {¢;}_, the local basis on K and multi-index
i = (i1,19,...,1,)
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Tensor representation

In general, the element tensor A* can be represented as the
product of a reference tensor A° and a geometry tensor G g

AL = A%,GR

* AV atensor of rank |i| + |a| = 7 + |a]
* G atensor of rank |«

Basic idea:
* Precompute A° at compile-time

* Generate optimal code for run-time evaluation of GG and
the product AY G%

1
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FFC as a component of FENICS
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FENnICS components

* DOLFIN, the C++ interface of FEnICS
° Hoffman, Jansson, Logg, et al.

* FErari, optimized form evaluation
o Kirby, Knepley, Scott
* FFC, the FEnICS Form Compiler
° Logg
* FIAT, automatic generation of finite elements
o Kirby, Knepley
* Ko, simulation of mechanical systems
° Jansson

* Puffin, light-weight version for Octave/MATLAB
° Hoffman, Logg

* (PETSC)
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DOLFIN
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DOLFIN

Kernel/toolsbl Multi- Automatic Form
adaptivity assembly evaluation
Linear Mesh and Function
algebra geometry representation
Basic Element Quadrature
data structures library rules
Log system/ Parameter Input/ Basic
diagnostics database output math
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DOLFIN becomes an interface

Kernel/toolsbl Multi- Automatic Form
adaptivity assembly evaluation
(FFC)
Linear Mesh and Function
algebra geometry representation
(PETSc) (Matt?)
Basic Element Quadrature
data structures library rules
(STL) (FIAT) (FIAT)
Log system/ Parameter Input/ Basic
diagnostics database output math
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Basic usage: compiling a form

1. Implement the form using your favorite text editor (emacs):

Q| xterm -0 X
# Poissons equation: a(v, u) = L(v)

v.dx(i)*u.dx(i)#dx
vk frdx

- o

poisson.form (Python)--L5--Al11
(No changes need to be saved)

2. Compile the form using FFC.:

>> ffc poisson.form

This will generate C++ code (Poi sson. h) for DOLFIN

| |
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Basic usage: solving the PDE

#i ncl ude <dol fin. h>

#i ncl ude " Poi sson. h"

usi ng nanespace dol fin;

i nt main()

{
Poi sson: : Bi |l i near Form a;
Poi sson: : Li near Form L(f);

Matri x A;

Vector Xx, b;

FEM : assenble(a, L, A b, nesh, bc);
GVRES: : sol ve( A, x, b);

Function u(x, nmesh, a.trial());
File file("poisson. n);

file << u;

return O;
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Complexity of form evaluation
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Basic assumptions and notation

* Complexity of computing the element tensor A% ?
* Compare tensor-contraction (FFC) to quadrature

* Basic assumptions:
° Bilinear form: || = 2
© Exact integration of forms
* Notation:
° ¢q. polynomial order of basis functions
° p: total polynomial order of form
° d:. dimension of 2
° n: dimension of function space (n ~ ¢%)

o N: number of quadrature points (N ~ p?)
° nc: number of coefficients
° np: number of derivatives
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Complexity of tensor contraction

* Need to evaluate A% = AV G%
°* Rank of G% IS nc +np
* Number of elements of A is n?

* Number of elements of G¢. is n"cd"?

* Total cost:
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Toyota Technological Institute at Chicago :: Anders Logg TTI-C Show and Tell - April 26 2005 —p. 23



Complexity of quadrature

* Need to evaluate AX at N ~ p? quadrature points

* Total order of integrand is p = 2¢ + ncq — np
* Cost of evaluating integrand iIs ~ ng +npd + 1

* Total cost:

To ~ n?N(nc+npd+1)~ (¢9)?p%(ng +npd+1)
~ ¢*'(2q +ncq —np)*(nc + npd + 1)
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Tensor contraction vs quadrature

TC’ -~ q2d—|—ncddnp
To ~ ¢*¥2q+ncq—np)®(nc+npd+1)

Speedup:

(2¢ + ncq — np)*(ne + npd + 1)

/T ~ s

* Rule of thumb: tensor contraction wins for nc =0, 1
* Mass matrix (n¢ = np = 0): To/Tc ~ (2¢)°
* Poisson (n¢ = 0,np = 2): Tp/Tc ~ (2g — 2)%(2d + 1) /d*

* Not clear that tensor contraction wins for the stabilization
term of Navier-Stokes: (w - V)u (w - V)v

* Need an intelligent system that can do both!
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Benchmark results
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Impressive speedups

FFC vs Quadrature at q = 3 (2D)
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Impressive speedups

FFC vs Quadrature at q = 3 (3D)
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Test case 1: the mass matrix

* Mathematical notation:
a(v,u):/uvd:c
Q
* FFC implementation:

v = Basi sFunction(el enent)
u = Basi sFunction(el enent)

a = u*v*dx
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Results

Mass matrix 2D (1 million triangles)

AAAA QLIIad rature
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s~+»a Quadrature
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Test case 2: Poisson

* Mathematical notation:
ou Ov

d _
a(v,u) /Vqux /Zaazzﬁazz

* FFC implementation:

v = Basi sFunction(el ement)
u = Basi sFunction(el enent)

a = u.dx(r)*v.dx(i)*dx
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Results

L0 Poisson 2D (1 million triangles)
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Test case 3: Navier—-Stokes

* Mathematical notation:

a(v,u):/(w Vu) vdx—/ZZw]ax]vzdx

1=1 7=1

* FFC implementation:

v = Basi sFunction(el enent)
u = Basi sFunction(el enent)
w = Function(el enent)

a =wj]*ufi].dx())*v[i]*dx
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Results

Navier-Stokes 2D (1 million triangles)
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Test case 4: Linear elasticity

* Mathematical notation:

fo 3 (Vu+ (Vu)') : (Vo+ (Vo) ") da
Jo Xim X5 i(gij + 5 )(g;; + 52 o) dx

* FFC implementation:

a(v,u)

v = Basi sFunction(el enent)
u = Basi sFunction(el enent)
a = 0.25*(u[i].dx(j) + u[j].dx(i)) * \

(vi].dx()) + v[)].dx(1)) * dx
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Results

a+44 Quadrature '

Elasticity 2D (1 million triangles)
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Speedup

Form g=1 q¢q=2 q¢q=3 q=4 q=5 q= q = q =

Mass 2D 9.1 31.8 51.5 76.7 109.9 147.8 182.2 227.9
Mass 3D 23.0 79.0 1905 350.6 6121 951.0 1270.9 1368.5
Poisson 2D 8.1 30.9 55.2 81.6 126.9 1446 189.0 236.1
Poisson 3D 10.1 55.4 152.1 2499 4252 343.8 280.6 E
Navier—Stokes 2D 32.0 33.5 52.3 — — — — —
Navier—Stokes 3D 77.7 100.7 60.9 — o — — —
Elasticity 2D 10.1 42.7 64.8 — - — — —
Elasticity 3D 15.5 87.5 125.0 — — — — —

* Impressive speedups but far from optimal

* Data access costs more than flops

* Solution: build arrays and call BLAS (Level 2 or 3)
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Future directions for FFC

* Improve speed of compiler

* Add remaining features for full support of general Lagrange
elements (dof map still missing for ¢ > 1)

* Build arrays and call BLAS (Level 2 or 3) when appropriate

* Add support for new elements to FIAT/FFC.:
Crouzeix—Raviart, Raviart—-Thomas, Nedelec,
Brezzi—Douglas—Marini, Brezzi—Douglas—Fortin—Marini,
Arnold-Winther, Taylor—Hood, ...

* And yes, | need to write a manual

* Further information:

http://ww.fenics.org/ffc/
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Additional slides
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The Automation of CMM

Au=f

TOL

y
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The (affine) map Fx : Ko — K

X! =(0,0) X2 = (1,0)

1 1
Toyota Technological Institute at Chicago :: Anders Logg TTI-C Show and Tell - April 26 2005 — p. 42



Example 1. the mass matrix

°* Form:

* Evaluation:
AZKZ/ O, Oi, dx
K

= det F[,(/ (I)i1 (X)(I)ZQ(X) dX = A?GK
Ko

with A? — fKo (I)il (X)(I)h(X) dX and G = det F[/(
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Example 2: Poisson

°* Form:

* Evaluation:

AZKZ/ Vi (x) Vi, (z)dr
K
0X, X, [ OD; 0P

— det F! 2 gX = AY g

K 0rg 0xg Jx, 0Xa, 0Xa, i K
: 0o 8@11 8@12 o 8Xa1 8Xa2
with A7, = [, o oxs dX and G = det Fy, T T
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Example 3: Navier—Stokes

* Form:
a(v,u) = / v-(w-V)udr
Q

* Evaluation:

K

00X,

0P;,
= det F, D waQ/ P;, [B]Pa, (o] &
Ko

with Ag fKo i [B1Pas | al]aq) el dX and

0Xasq
G% = det Fj, K Tn 3wa

2
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Example: Poisson with P? elements in 2D
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Components

" Format ;
' ;
: '
. ;
puissan.furnllll 'E' | Parser ——®| Compiler . > F‘uissnn.h
' 1 ;
e mmmme———————— Jo..T.Tlol

I
FIAT ‘ FErari \
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Representation of forms

* Need to build a data structure to represent forms:

oMoy
0.y '

VP:{CHU: veVpg, ceR}
VS:{Z’U: ve Vp}

Note: Vg C Vp C Vg C {v:N" x Q — R}
* Vs Is an algebra (a vector space with multiplication):

Ve =H ¢»:N—-V}

v,weVg=v+we Vg
v,w e Vg = vw € Vg
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Evaluation of forms

Forany v =" c[[0M(y/0z(, we have
A,{{ — afK(¢i17¢i27 K '7¢in) — / Uy dx
K
= Z (/ CH8|'|¢(.)/(9$(.) d:E)
K (
— ZC& (/ H8|'|<I)(.)/0X(.) dX)
Ko
:ZAga K

where AV = (fKO HE)"'@(.)/E?X(.) dX) and G% = ¢,

1

1
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Implementation (click to return)

* Build a class hierarchy: Basi sFuncti on, Product , Sum
corresponding to the spaces Vg C Vp C Vg

* Overload operators +, -, *,[ -], .dx(") :

(+:VB><VB—>VS (*:VBXVB%VP
<+:VB><VP—>VS <*:VBXVP—>VP
\+:V5><VS—>VS \*:V5XVS—>VS
* Examples:

a = v*u*dx

a = v.dx(1)*u.dx(1)*dx

a = vVv[i]*Wj]*u[i].dx(])*dx

L = v*f*dx + v*10*ds
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