Contents Volume 1

Derivatives and Geometry in R?

1 What is Mathematics?

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14
1.15

Introduction . . . . . . ... oo
The Modern World . . . . . . ... ... .. .....
The Role of Mathematics . . ... ... .. .....
Design and Production of Cars . . . . ... ... ..
Navigation: From Stars to GPS . . . .. ... .. ..
Medical Tomography . . . . . ... ... ... ....

Molecular Dynamics and Medical Drug Design

Weather Prediction and Global Warming . . . . . . .
Economy: Stocks and Options . . . . . .. ... ...
Languages . . . . . . ... ..o L
Mathematics as the Language of Science . . . . . . .
The Basic Areas of Mathematics . . ... .. .. ..
What Is Science? . . . . ... ... ... L.
What Is Conscience? . . . . . .. .. ... ... ...
How to View this Book as a Friend . . . . . . .. ..

2 The Mathematics Laboratory

2.1
2.2

Introduction . . . . . .. ... ... L
Math Experience . . . . ... .. ... .. ......

w w W

(=}

11
11
12
13
13
14
15
16
17
17
18

21
21
22



XVIII

3

Contents Volume 1

Introduction to Modeling

3.1
3.2
3.3
3.4
3.5

Introduction . . . . . . ... o oo
The Dinner Soup Model . . . . . . ... ... ... ..
The Muddy Yard Model . . . . ... ... .......
A System of Equations . . . . . . ... ... ... ...
Formulating and Solving Equations . . . . . . .. . ..

A Very Short Calculus Course

4.1
4.2
4.3
4.4
4.5
4.6
4.7

Introduction . . . . . . . ... oL
Algebraic Equations . . . . . .. ... ... ... ..
Differential Equations . . . . . . ... ... ... ...
Generalization . . . . . ... ... Lo
Leibniz’ Teen-Age Dream . . . . .. .. ... .. ...
Summary ...
Leibniz . . . . . ..

Natural Numbers and Integers

5.1
5.2
5.3
5.4
9.5
5.6

5.7
5.8
5.9

Introduction . . . . . ... ... L
The Natural Numbers . . . . .. . ... ... .....
Is There a Largest Natural Number? . . . .. .. . ..
The Set N of All Natural Numbers . . . .. ... ...
Integers . . . . . .. Lo

Absolute Value and the Distance

Between Numbers. . . . . . . . ... ... ... ...
Division with Remainder . . . . . . . .. ... ... ..
Factorization into Prime Factors . . . . .. ... ...
Computer Representation of Integers . . . . . . .. ..

Mathematical Induction

6.1
6.2

Induction . . .. .. .. ...
Changes in a Population of Insects . . . . . ... ...

Rational Numbers

7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8
7.9
7.10

Introduction . . . . . ... ...
How to Construct the Rational Numbers . . . . . . . .
On the Need for Rational Numbers . . . . . . ... ..
Decimal Expansions of Rational Numbers . . . . . ..

Periodic Decimal Expansions of Rational Numbers

Set Notation . . . . . .. . . ... ... ... ......
The Set Q of All Rational Numbers . . . . . . ... ..
The Rational Number Line and Intervals . . . . . . ..
Growth of Bacteria . . . . . . .. . ... .. ..., ..
Chemical Equilibrium . . . . ... ... ... ... ..

25
25
25
28
29
30

33
33
34
34
39
41
43
44

47
47
48
51
52
593

56
57
58
59

63
63
68

71
71
72
75
75
76
80
81
82
83
85



Contents Volume 1

8 Pythagoras and Euclid

8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
8.11
8.12
8.13

Introduction . . . . . ... oL oo
Pythagoras Theorem . . . . . .. ... ... ... ...
The Sum of the Angles of a Triangle is 180° . . . . . .
Similar Triangles . . . . . . . ... ... ... .....
When Are Two Straight Lines Orthogonal? . . . . ..
The GPS Navigator. . . . . ... ... ... ... ...
Geometric Definition of sin(v) and cos(v) . . ... ..
Geometric Proof of Addition Formulas for cos(v)

Remembering Some Area Formulas . . . . . ... ...
Greek Mathematics . . . . . ... ... ... ... ...
The Euclidean Plane Q2 . . . . . . .. ... ... ...
From Pythagoras to Euclid to Descartes . . . . . . ..
Non-Euclidean Geometry . . . . .. ... ... ....

9 What is a Function?

9.1
9.2
9.3
9.4
9.5
9.6

Introduction . . . . . ... ... L
Functions in Daily Life . . . . .. ... ... ... ...
Graphing Functions of Integers . . . . . .. ... ...
Graphing Functions of Rational Numbers . . . . . ..
A Function of Two Variables . . ... .. ... .. ..
Functions of Several Variables . . . . . .. .. .. ...

10 Polynomial functions

10.1
10.2
10.3
10.4
10.5
10.6
10.7
10.8

Introduction . . . . . .. ... oo
Linear Polynomials . . . . . . .. .. ... ... ...
Parallel Lines . . . . .. ... ... ... ...
Orthogonal Lines . . . . . . ... .. .. ... .....
Quadratic Polynomials . . . . .. ... ... ... ...
Arithmetic with Polynomials . . ... ... ... ...
Graphs of General Polynomials . . . .. .. ... ...
Piecewise Polynomial Functions . . . . . . .. ... ..

11 Combinations of functions

11.1
11.2

11.3
11.4
11.5
11.6

Introduction . . . . . ... ...
Sum of Two Functions and Product

of a Function with a Number . . . . .. ... ... ..
Linear Combinations of Functions . . . . . . . ... ..
Multiplication and Division of Functions . . . . . . . .
Rational Functions . . . . . . ... ... ... .....
The Composition of Functions . . . . . . . ... .. ..

12 Lipschitz Continuity

12.1
12.2

Introduction . . . . . . ... ...
The Lipschitz Continuity of a Linear Function . . . . .

XIX

87
87
87
89
91
91
94
96
97
98
98
99
100
101

103
103
106
109
112
114
116

119
119
120
124
124
125
129
135
137

141
141

142
142
143
143
145

149
149



XX Contents Volume 1

12.3
12.4
12.5
12.6
12.7
12.8
12.9
12.10
12.11

The Definition of Lipschitz Continuity . . . .
Monomials . . . . . . ... ... ... .. ...
Linear Combinations of Functions . . . . . . .
Bounded Functions . . . . ... ... ... ..
The Product of Functions . . .. .. ... ..
The Quotient of Functions . . . . . . ... ..
The Composition of Functions . . . . . . . ..
Functions of Two Rational Variables . . . . .
Functions of Several Rational Variables. . . .

13 Sequences and limits

13.1
13.2
13.3
13.4

13.5
13.6
13.7
13.8
13.9
13.10
13.11

A First Encounter with Sequences and Limits
Socket Wrench Sets . . . . .. .. ... ....
J.P. Johansson’s Adjustable Wrenches . . . .
The Power of Language:

From Infinitely Many to One . . .. ... ..
The € — N Definition of a Limit . . . . . . . .
A Converging Sequence Has a Unique Limit .
Lipschitz Continuous Functions and Sequences
Generalization to Functions of Two Variables

Computing Limits . . . . ... ... ... ..

Computer Representation of Rational Numbers . . . .

Sonya Kovalevskaya . . ... ... ... ...

14 The Square Root of Two

14.1
14.2
14.3
14.4
14.5
14.6

Introduction . . . . . .. ... Lo
V2 Is Not a Rational Number! . . ... ...
Computing v/2 by the Bisection Algorithm . .
The Bisection Algorithm Converges! . . . . .
First Encounters with Cauchy Sequences . . .
Computing /2 by the Deca-section Algorithm

15 Real numbers

15.1
15.2
15.3
15.4
15.5
15.6
15.7
15.8
15.9
15.10
15.11
15.12

Introduction . . . . . . ... Lo
Adding and Subtracting Real Numbers . . . .
Generalization to f(z,z) with f Lipschitz . .
Multiplying and Dividing Real Numbers . . .
The Absolute Value. . . . . . ... ... ...
Comparing Two Real Numbers . . . .. . ..
Summary of Arithmetic with Real Numbers .
Why V22 Equals2 . ... ... .......
A Reflection on the Nature of v2 . . . . . . .
Cauchy Sequences of Real Numbers . . . . . .
Extension from f: Q —-Q¢to f:R—R . ..

Lipschitz Continuity of Extended Functions . . . . . .

151
154
157
158
159
160
161
162
163

165
165
167
169

169
170
174
175
176
177
180
181

185
185
187
188
189
192
192

195
195
197
199
200
200
200
201
201
202
203
204
205



Contents Volume 1 XXI

15.13 Graphing Functions f:R—R . ... ... ... ... 206
15.14 Extending a Lipschitz Continuous Function . . . . .. 206
15.15 Intervals of Real Numbers . . . . . . . . ... ... .. 207
15.16 What Is f(x) if « Is Irrational? . . . . . ... ... .. 208
15.17 Continuity Versus Lipschitz Continuity . . . . . . . . . 211
16 The Bisection Algorithm for f(z) =0 215
16.1 Bisection . . . . . .. ... .. o 215
16.2 AnExample . . . . ... ... ... L. 217
16.3 Computational Cost . . . . . ... ... ... ..... 219
17 Do Mathematicians Quarrel?* 221
17.1 Introduction . . . . . . . .. ... ... 221
17.2  The Formalists . . . .. .. ... .. ... .. ..... 224
17.3 The Logicists and Set Theory . . . ... ... ... .. 224
17.4 The Constructivists . . . . . . . . . . . ... ... ... 227
17.5 The Peano Axiom System for Natural Numbers . . . . 229
17.6  Real Numbers . . . . . ... .. ... ... ... .. .. 229
17.7 Cantor Versus Kronecker . . . . . . ... .. ... ... 230
17.8 Deciding Whether a Number is Rational or Irrational . 232
17.9 The Set of All Possible Books . . . . .. ... ... .. 233
17.10 Recipes and Good Food . . . . .. ... ... ... .. 234
17.11 The “New Math” in Elementary Education . . .. .. 234
17.12 The Search for Rigor in Mathematics . . . . . . .. .. 235
17.13 A Non-Constructive Proof . . . . .. .. ... ... .. 236
17.14 Summary . . . . . ... e 237
18 The Function y = z” 241
18.1 The Function /z . . . . .. ... ... ... . ... 241
18.2 Computing with the Function vz . . . . . .. ... .. 242
18.3 Is /z Lipschitz Continuouson R*? . . . . . . ... .. 242
18.4 The Function z" for Rational r = % ........... 243
18.5 Computing with the Function 2" . . . . ... ... .. 243
18.6  Generalizing the Concept of Lipschitz Continuity . . . 243
18.7  Turbulent Flow is Holder (Lipschitz) Continuous
with Exponent % ..................... 244
19 Fixed Points and Contraction Mappings 245
19.1 Introduction . . . . . . . .. . ..., 245
19.2 Contraction Mappings . . . . . . . .. .. ... .... 246
19.3 Rewriting f(z) =0asz=g(z) . .. ... ... . ... 247
19.4 Card Sales Model . . . . ... ... ... .. ...... 248
19.5 Private Economy Model . . . . .. ... .. ... ... 249
19.6 Fixed Point Iteration in the Card Sales Model . . . . . 250

19.7 A Contraction Mapping Has a Unique Fixed Point . . 254



XXII Contents Volume 1

19.8  Generalization to g : [a,b] = [a,b] . . . . . .. ... .. 256
19.9 Linear Convergence in Fixed Point Iteration . . . . . . 257
19.10 Quicker Convergence . . . . . . . . . ... ... .... 258
19.11 Quadratic Convergence . . . . . . . . . ... ... ... 259
20 Analytic Geometry in R? 265
20.1 Introduction . . . . . . . ... ... 265
20.2 Descartes, Inventor of Analytic Geometry . . .. . .. 266
20.3 Descartes: Dualism of Body and Soul . . . . . ... .. 266
20.4 The Euclidean Plane R? . . . . ... ... .. ..... 267
20.5 Surveyors and Navigators . . .. .. .. ... ... .. 269
20.6 A First Glimpse of Vectors. . . . . ... ... .. ... 270
20.7  Ordered Pairs as Points or Vectors/Arrows. . . . . . . 271
20.8 Vector Addition . . . . . ... ... ... L. 272
20.9 Vector Addition and the Parallelogram Law . . . . . . 273
20.10 Multiplication of a Vector by a Real Number . . . .. 274
20.11 The Norm of a Vector . . . . .. ... ... ... ... 275
20.12 Polar Representation of a Vector . . . . ... ... .. 275
20.13 Standard Basis Vectors . . . . . . ... ... ... .. 277
20.14 Scalar Product . . . ... ... ... ... .. ... 278
20.15 Properties of the Scalar Product . . . . ... ... .. 278
20.16 Geometric Interpretation of the Scalar Product . . . . 279
20.17 Orthogonality and Scalar Product . . . . . . . ... .. 280
20.18 Projection of a Vector onto a Vector . . . .. ... .. 281
20.19 Rotation by 90° . . . . . ... ... 283
20.20 Rotation by an Arbitrary Angle 6 . . . . . . . .. . .. 285
20.21 Rotation by 6 Again! . . . . . ... ... oo 286
20.22 Rotating a Coordinate System . . . . . . ... ... .. 286
20.23 Vector Product . . . . . ... ... ... ... . ... 287
20.24 The Area of a Triangle with a Corner at the Origin . . 290
20.25 The Area of a General Triangle . . . . . ... ... .. 290
20.26 The Area of a Parallelogram Spanned
by Two Vectors . . . . . .. ... ... ... ...... 291
20.27 Straight Lines . . . . .. .. .. ... L oL 292
20.28 Projection of a Point onto a Line . . . . . .. ... .. 294
20.29 When Are Two Lines Parallel? . . .. ... ... ... 294
20.30 A System of Two Linear Equations
in Two Unknowns . . . ... .. .. ... ....... 295
20.31 Linear Independence and Basis . . . . . ... ... .. 297
20.32 The Connection to Calculus in One Variable . . . . . . 298
20.33 Linear Mappings f :R2 —R. . . ... .. ....... 299
20.34 Linear Mappings f: R2 —R? . . . ... ... ..... 299
20.35 Linear Mappings and Linear Systems of Equations . . 300
20.36 A First Encounter with Matrices . . . . . .. ... .. 300

20.37 First Applications of Matrix Notation . . .. ... .. 302



Contents Volume 1 XXIIT

20.38 Addition of Matrices . . . . . . .. ... ... ... .. 303
20.39 Multiplication of a Matrix by a Real Number . . . . . 303
20.40 Multiplication of Two Matrices . . . . .. .. ... .. 303
20.41 The Transpose of a Matrix . . . . . ... ... ... .. 305
20.42 The Transpose of a 2-Column Vector . . . . . ... .. 305
20.43 The Identity Matrix . . . . ... ... ... .. .... 305
20.44 The Inverse of a Matrix . . . . ... ... ... ... .. 306
20.45 Rotation in Matrix Form Again! . . .. ... ... .. 306
20.46 A Mirror in Matrix Form . . .. ... ... ... ... 307
20.47 Change of Basis Again! . . . . . . .. ... ... 308
20.48 Queen Christina . . . . ... ... ... .. 309
21 Analytic Geometry in R3 313
21.1 Introduction . . . . . . . .. ... ... 313
21.2  Vector Addition and Multiplication by a Scalar . . . . 315
21.3 Scalar Product and Norm . . . ... ... ... .... 315
21.4 Projection of a Vector onto a Vector . . . . ... ... 316
21.5  The Angle Between Two Vectors . . .. ... .. ... 316
21.6  Vector Product . . . .. ... ... .. ... ..., . 317
21.7 Geometric Interpretation of the Vector Product . . . . 319
21.8  Connection Between Vector Products in R and R . . 320
21.9  Volume of a Parallelepiped Spanned
by Three Vectors . . . . .. . .. ... ... ... ... 320
21.10 The Triple Product a-bxc . . . . . ... .. ... .. 321
21.11 A Formula for the Volume Spanned
by Three Vectors . . . . .. . .. ... .. ... .... 322
21.12 Lines . . . o .o 323
21.13 Projection of a Point onto a Line . . . . . .. ... .. 324
21.14 Planes . . . . . . ... 324
21.15 The Intersection of a Line and a Plane . . . . . . . .. 326
21.16 Two Intersecting Planes Determine a Line . . . . . . . 327
21.17 Projection of a Point onto a Plane . . . . .. ... .. 328
21.18 Distance from a Point to a Plane . . . . . .. ... .. 328
21.19 Rotation Around a Given Vector . . . .. .. .. ... 329
21.20 Lines and Planes Through the Origin Are Subspaces . 330
21.21 Systems of 3 Linear Equations in 3 Unknowns . . . . . 330
21.22 Solving a 3 x 3-System by Gaussian Elimination . . . 332
21.23 3 x 3 Matrices: Sum, Product and Transpose . . . . . 333
21.24 Ways of Viewing a System of Linear Equations . . . . 335
21.25 Non-Singular Matrices . . . . .. ... ... ... ... 336
21.26 The Inverse of a Matrix . . . .. ... ... ... ... 336
21.27 Different Bases . . . . . ... ... L. 337
21.28 Linearly Independent Set of Vectors . . . .. ... .. 337
21.29 Orthogonal Matrices . . . . . . ... ... ... .... 338

21.30 Linear Transformations Versus Matrices . . . .. . .. 338



XXIV Contents Volume 1

21.31 The Scalar Product Is Invariant

Under Orthogonal Transformations . . . . . . ... .. 339

21.32 Looking Ahead to Functions f:R® —R3 . . ... .. 340
21.34 Gosta Mittag-Leffler . . . . . .. ... ... ... ... 343
22 Complex Numbers 345
22.1 Introduction . . . . . .. ... ..o 345
22.2  Addition and Multiplication . . . . . . . ... ... .. 346
22.3 The Triangle Inequality . . . .. ... ... ... ... 347
22.4 Open Domains . . . .. ... ... ... ... ..... 348
22.5 Polar Representation of Complex Numbers . . . . . . . 348
22.6  Geometrical Interpretation of Multiplication . . . . . . 348
22.7 Complex Conjugation . . . ... ... ... ... ... 349
22.8 Division . . .. ... ... e 350
22.9 The Fundamental Theorem of Algebra . . . . ... .. 350
22.10 Roots . . . . . .. 351
22.11 Solving a Quadratic Equation w? +2bw +¢c=0 . . . . 351
23 The Derivative 353
23.1 Ratesof Change . . ... ... ... .......... 353
23.2 Paying Taxes . . . . . . .. . . ... 354
23.3 Hiking . . . . . ... 357
23.4  Definition of the Derivative . . . .. ... .. ... .. 357
23.5  The Derivative of a Linear Function Is Constant . . . 360
23.6 The Derivativeof 22 Is2x . . . . . ... ... ..... 360
23.7 The Derivative of 2™ Isnz™ ' . . . ... .. ... ... 362
23.8  The Derivative of % Is —;—2 forx£0.......... 363
23.9 The Derivative as a Function . . . . ... .. ... .. 363
23.10 Denoting the Derivative of f(z) by Df(z) . . ... .. 363
23.11 Denoting the Derivative of f(x) by % ......... 365
23.12 The Derivative as a Limit of Difference Quotients . . . 365
23.13 How to Compute a Derivative? . . . . .. .. ... .. 367
23.14 Uniform Differentiability on an Interval . . . . . . .. 369
23.15 A Bounded Derivative Implies Lipschitz Continuity . . 370
23.16 A Slightly Different Viewpoint . . . . . . . .. ... .. 372
23.17 Swedenborg . . . . ... .. oo 372
24 Differentiation Rules 375
24.1 Introduction . . . . . . ... ... ... .. .. ... .. 375
24.2 The Linear Combination Rule . . . . . . ... ... .. 376
24.3 The Product Rule . . . ... .. .. ... ...... 377
24.4 The Chain Rule . . . . . .. ... ... ... ...... 378
24.5 The Quotient Rule . . . .. ... ... ... ..... 379
24.6  Derivatives of Derivatives: f(® = D" f = ‘;Z,{, ..... 380

24.7 One-Sided Derivatives . . . . . . .. .. ... .. ... 381



Contents Volume 1 XXV

24.8 Quadratic Approximation . . . . ... ... ... ... 382
24.9 The Derivative of an Inverse Function . . .. ... .. 385
24.10 Implicit Differentiation . . . . . . .. ... .. ... .. 386
24.11 Partial Derivatives . . . . . . .. .. ... ... .. .. 387
2412 ASum UpSoFar. . .. ... ... ... . .... 388
25 Newton’s Method 391
25.1 Introduction . . . . . .. ... ..o 391
25.2  Convergence of Fixed Point Iteration . . . . . .. . .. 391
25.3 Newton’s Method . . . . . .. .. ... .. ... .. .. 392
25.4 Newton’s Method Converges Quadratically . . . . . . . 393
25.5 A Geometric Interpretation of Newton’s Method . . . 394
25.6  What Is the Error of an Approximate Root? . . . . . . 395
25.7 Stopping Criterion . . . ... ... ... ... ... .. 398
25.8 Globally Convergent Newton Methods . . . . . .. .. 398
26 Galileo, Newton, Hooke, Malthus and Fourier 401
26.1 Introduction . . . . . .. ... .. ... ... ... .. 401
26.2 Newton’s Law of Motion . . . . . . .. ... ... ... 402
26.3 Galileo’s Law of Motion . . . .. .. ... ... .... 402
26.4 Hooke’sLaw. . ... ... ... ... .......... 405
26.5 Newton’s Law plus Hooke’s Law . . . . . ... .. .. 406
26.6 Fourier’s Law for Heat Flow . . . . . ... .. .. ... 407
26.7 Newton and Rocket Propulsion . . . ... .. ... .. 408
26.8 Malthus and Population Growth . . ... .. ... .. 410
26.9 Einstein’s Law of Motion . . . . . . . ... ... .. .. 411
26.10 Summary . . . ... 412
References 415

Index 417






Contents Volume 2

Integrals and Geometry in R”

27 The Integral

27.1
27.2
27.3
274
27.5
27.6
27.7
27.8
27.9
27.10
27.11
27.12
27.13
27.14

Primitive Functions and Integrals . . . . . .. ... ..
Primitive Function of f(x) = 2™ for m =0,1,2,... . .

Primitive Function of f(x) = 2™ for m = —2,-3,...

Primitive Function of f(x) =" forr £#-1 ... ...
A Quick Overview of the Progress So Far . . . . . ..

A “Very Quick Proof” of the Fundamental Theorem
A “Quick Proof” of the Fundamental Theorem

A Proof of the Fundamental Theorem of Calculus . . .
Comments on the Notation . .. ... ... ... ...
Alternative Computational Methods . . . .. ... ..
The Cyclist’s Speedometer . . . . . . .. ... .. ...
Geometrical Interpretation of the Integral . . . . . ..
The Integral as a Limit of Riemann Sums . . . . . ..
An Analog Integrator . . . . . .. ... ... ... ...

28 Properties of the Integral

28.1
28.2
28.3

Introduction . . . . . .. ... ...
Reversing the Order of Upper and Lower Limits . . . .
The Whole Is Equal to the Sum of the Parts. . . . . .

425

427
427
431
432
432
433
433
435
436
442
443
443
444
446
447

451
451
452
452



XXVIII

284

28.5
28.6
28.7
28.8

28.9

28.10
28.11
28.12
28.13
28.14
28.15
28.16
28.17

Contents Volume 2

Integrating Piecewise Lipschitz

Continuous Functions . . . . ... ... ... ... ..
Linearity . . . . . . . ... o oo
Monotonicity . . . . .. .. oo
The Triangle Inequality for Integrals . . . . . ... ..
Differentiation and Integration

are Inverse Operations . . . . . . .. ... .......
Change of Variables or Substitution. . . . . ... ...
Integration by Parts . . . .. ... ... ... .. ...
The Mean Value Theorem . . . . .. ... .. .....
Monotone Functions and the Sign of the Derivative . .
A Function with Zero Derivative is Constant . . . . . .
A Bounded Derivative Implies Lipschitz Continuity . .
Taylor’s Theorem . . . . . . . .. ... ... ... ...
October 29, 1675 . . . . . . . . .. ...
The Hodometer . . . . . . . ... ... ... ......

29 The Logarithm log(z)

29.1
29.2
29.3

The Definition of log(z) . . . ... ... ... .. ...
The Importance of the Logarithm . . . . . . ... ...
Important Properties of log(z) . . ... .. ... ...

30 Numerical Quadrature

30.1
30.2
30.3
30.4

Computing Integrals . . . . ... ... ... ... ...
The Integral as a Limit of Riemann Sums . . . . . ..
The Midpoint Rule . . . . . . ... ... ... ... ..
Adaptive Quadrature . . . . . .. ... ... ... L.

31 The Exponential Function exp(z) = e*

31.1
31.2
31.3
314
31.5
31.6
31.7

Introduction . . . . . ... o oo
Construction of the Exponential exp(z) for z >0 . . .
Extension of the Exponential exp(z) tox <0 . . . . .
The Exponential Function exp(z) forz e R . . . . ..
An Important Property of exp(z) . . . . ... ... ..
The Inverse of the Exponential is the Logarithm

The Function ¢ witha>0andxzeR . ... ... ..

32 Trigonometric Functions

32.1
32.2
32.3
324
32.5
32.6
32.7

The Defining Differential Equation . . . . . . .. . ..
Trigonometric Identities . . . . . . . ... .. .. ...
The Functions tan(x) and cot(z) and Their Derivatives
Inverses of Trigonometric Functions . . . . . . . . . ..
The Functions sinh(z) and cosh(z) . .. ... ... ..
The Hanging Chain . . . . . .. .. ... ... .. ...
Comparing u” + k?u(z) = 0 and v’ — k*u(z) =0 . . .

453
454
455
455

456
457
459
460
462
462
463
463
466
467

471
471
472
473

477
477
481
482
483

489
489
491
496
496
497
498
499

503
503
507
508
509
511
512
513



Contents Volume 2

33 The Functions exp(z), log(z), sin(z) and cos(z) for z € C

33.1
33.2
33.3
334
33.5

Introduction . . . . .. ... oo
Definition of exp(2) . . . . . . . . ..o
Definition of sin(z) and cos(z) . . . . . . ... .. ...
de Moivres Formula. . . . . ... ... ... ... ..
Definition of log(z) . . . . . . ... ... ... ... ..

34 Techniques of Integration

34.1
34.2
34.3
34.4

34.5
34.6
34.7

Introduction . . . . . . ... oL
Rational Functions: The Simple Cases . . .. ... ..
Rational Functions: Partial Fractions . . . . . . . . ..
Products of Polynomial and Trigonometric

or Exponential Functions . . . ... ... ... ....
Combinations of Trigonometric and Root Functions . .
Products of Exponential and Trigonometric Functions
Products of Polynomials and Logarithm Functions

35 Solving Differential Equations Using the Exponential

35.1
35.2
35.3
35.4
35.5
35.6

Introduction . . . . . ... oo oo
Generalization to v/(z) = Ax)u(z) + f(z) . . .. . ..
The Differential Equation v/ (z) —u(z) =0 . ... ..
The Differential Equation > ,_, axDFu(z) =0 . . . .
The Differential Equation >, _, axD*u(z) = f(z) . . .
Euler’s Differential Equation . . . . . .. .. ... ...

36 Improper Integrals

36.1
36.2
36.3

37 Series

37.1
37.2
37.3
374
37.5
37.6
37.7
37.8

Introduction . . . . . . ... oo
Integrals Over Unbounded Intervals. . . . . . ... ..
Integrals of Unbounded Functions . . . . . .. ... ..

Introduction . . . . . . ... oL
Definition of Convergent Infinite Series . . . . . . . ..
Positive Series . . . . . . . . ...

Abel . . . .. [
Galois . . . ..

38 Scalar Autonomous Initial Value Problems

38.1
38.2
38.3

Introduction . . . . . ... ...
An Analytical Solution Formula . . . . . ... ... ..
Construction of the Solution . . . . . ... .. ... ..

XXIX

515
515
515
516
516
517

519
519
520
521

526
526
527
527

529
529
530
534
535
536
037

539
539
539
541

545
545
546
047
550
550
551
953
554

557
957
558
561



XXX

Contents Volume 2

39 Separable Scalar Initial Value Problems

39.1
39.2
39.3
39.4

Introduction . . . . . .. ...
An Analytical Solution Formula . . . . . . ..
Volterra-Lotka’s Predator-Prey Model . . . .
A Generalization . . . .. .. ... ... ...

40 The General Initial Value Problem

40.1
40.2
40.3
40.4
40.5
40.6
40.7

Introduction . . . . . ... ...
Determinism and Materialism . . . . ... ..
Predictability and Computability . . . . . ..
Construction of the Solution . . . . . ... ..
Computational Work . . . . . ... ... ...

Extension to Second Order Initial Value Problems

Numerical Methods . . . . . ... ... ....

41 Calculus Tool Bag 1

41.1
41.2
41.3
414
41.5
41.6
41.7
41.8
41.9
41.10
41.11
41.12
41.13
41.14
41.15
41.16

Introduction . . . . . .. ... oo
Rational Numbers . . . ... ... ... ...
Real Numbers. Sequences and Limits . . . . .
Polynomials and Rational Functions . . . . .
Lipschitz Continuity . . . .. .. ... .. ..
Derivatives . . . .. ..o oL
Differentiation Rules . . . . . .. .. ... ..
Solving f(z) =0with f:R—-R . ... ...
Integrals . . . . . ... ... ... ...
The Logarithm . . . ... ... ... ... ..
The Exponential . . .. ... ... ... ...
The Trigonometric Functions . . . . ... ..
List of Primitive Functions . . . . . . . .. ..
Series . . . ...
The Differential Equation @ + A(x)u(z) = f(x)
Separable Scalar Initial Value Problems . . .

42 Analytic Geometry in R"

42.1
42.2
42.3
42.4
42.5
42.6
42.7
42.8
42.9
42.10
42.11

Introduction and Survey of Basic Objectives .
Body/Soul and Artificial Intelligence . . . . .
The Vector Space Structure of R™ . . . . . . .
The Scalar Product and Orthogonality . . . .
Cauchy’s Inequality . . . . . . ... ... ...
The Linear Combinations of a Set of Vectors

The Standard Basis . . . . . ... ... ....
Linear Independence . . . .. ... ... ...
Reducing a Set of Vectors to Get a Basis . . .

Using Column Echelon Form to Obtain a Basis . . . .

Using Column Echelon Form to Obtain R(A)

565
565
566
568
569

573
973
575
575
77
578
579
580

583
o83
583
584
584
585
585
585
586
087
588
589
589
592
592
993
993

595
595
998
998
599
600
601
602
603
604
605
606



Contents Volume 2 XXXI

42.12 Using Row Echelon Form to Obtain N(A) . . . . . .. 608
42.13 Gaussian Elimination . . . . . . . .. ... .. ... .. 610
42.14 A Basis for R™ Contains n Vectors . . . . .. .. ... 610
42.15 Coordinates in Different Bases . . . . . . . .. .. ... 612
42.16 Linear Functions f: R* —-R . . ... ... ... ... 613
42.17 Linear Transformations f: R* - R™ . . . .. ... .. 613
42.18 Matrices . . . . . ..o Lo 614
42.19 Matrix Calculus . . . . . .. ... oL 615
42.20 The Transpose of a Linear Transformation . . . . . . . 617
42.21 Matrix Norms . . . . . .. . ... Lo oo 618
42.22 The Lipschitz Constant of a Linear Transformation . . 619
42.23 Volume in R™: Determinants and Permutations . . . . 619
42.24 Definition of the Volume V(a1,...,an) . . . . . . . .. 621
42.25 The Volume V(aj,a2) in R? . . . .. .. ... .. ... 622
42.26 The Volume V (a1, az,a3) in R3 . . . .. ... .. ... 622
42.27 The Volume V(ay,az,as,aq) in R* . .. ... ... .. 623
42.28 The Volume V(ay,...,an) in R™ . .. ... ... .. 623
42.29 The Determinant of a Triangular Matrix . . . . . . .. 623
42.30 Using the Column Echelon Form to Compute det A . . 623
42.31 The Magic Formula det AB = det AdetB . . . . . .. 624
42.32 Test of Linear Independence . . . . . . . ... .. ... 624
42.33 Cramer’s Solution for Non-Singular Systems . . . . . . 626
42.34 The Inverse Matrix . . . . . ... ... ... ... ... 627
42.35 Projection onto a Subspace . . . .. .. ... ... .. 628
42.36 An Equivalent Characterization of the Projection . . . 629
42.37 Orthogonal Decomposition: Pythagoras Theorem . . . 630
42.38 Properties of Projections . . . . . .. ... ... 631
42.39 Orthogonalization: The Gram-Schmidt Procedure . . . 631
42.40 Orthogonal Matrices . . . . . .. ... ... ... ... 632
42.41 Invariance of the Scalar Product
Under Orthogonal Transformations . . . . . . ... .. 632
42.42 The QR-Decomposition . . . . ... ... ... .... 633
42.43 The Fundamental Theorem of Linear Algebra . . . . . 633
42.44 Change of Basis: Coordinates and Matrices . . . . . . 635
42.45 Least Squares Methods . . . . . . .. ... ... .... 636
43 The Spectral Theorem 639
43.1 Eigenvalues and FEigenvectors . . . . .. ... .. ... 639
43.2 Basis of Eigenvectors . . . . . . ... ... ... 641
43.3 An Easy Spectral Theorem for Symmetric Matrices . . 642
43.4  Applying the Spectral Theorem to an IVP . . . . . .. 643
43.5 The General Spectral Theorem
for Symmetric Matrices . . . .. ... ... . 644
43.6 The Norm of a Symmetric Matrix . . . . . .. .. ... 646

43.7 Extension to Non-Symmetric Real Matrices . . . . . . 647



XXXII

Contents Volume 2

44 Solving Linear Algebraic Systems

44.1
44.2
44.3
444
44.5
44.6
44.7

Introduction . . . . . . ... o oo
Direct Methods . . . . . ... ... ... L.
Direct Methods for Special Systems . . . . . . ... ..
Tterative Methods . . . . . . . ... .. ... ... ...
Estimating the Error of the Solution . . . .. ... ..
The Conjugate Gradient Method . . . .. ... .. ..
GMRES . . . . . .

45 Linear Algebra Tool Bag

45.1
45.2
45.3
454
45.5
45.6
45.7
45.8
45.9
45.10
45.11
45.12
45.13
45.14
45.15

Linear Algebrain R? . . . . . ... ... ... ......
Linear Algebrain R . . . ... ... .. ... .....
Linear Algebrain R™ . . . . ... .. ... .. .....
Linear Transformations and Matrices . . . . . . . . ..
The Determinant and Volume . . . . . . .. ... ...
Cramer’s Formula . . . . ... .. ... ... ......
Inverse . . . . . . . .
Projections . . . .. ... oo oL
The Fundamental Theorem of Linear Algebra . . . . .
The QR-Decomposition . . . .. ... ... ... ...
Changeof Basis . . . . . ... ... ... . .....
The Least Squares Method . . . . ... ... ... ..
FEigenvalues and Eigenvectors . . . . ... .. ... ..
The Spectral Theorem . . . . .. .. ... ... ....
The Conjugate Gradient Method for Az =b . . . . . .

46 The Matrix Exponential exp(zA)

46.1
46.2
46.3

Computation of exp(xzA) when A Is Diagonalizable . .
Properties of exp(Ax) . . . ... ... ...
Duhamel’s Formula . . . . . ... ... ... ... ..

47 Lagrange and the Principle of Least Action*

47.1
47.2
47.3
474
47.5
47.6
47.7
47.8
47.9

Introduction . . . . . . ... o Lo
A Mass-Spring System . . . . .. ...
A Pendulum with Fixed Support . . . ... ... ...
A Pendulum with Moving Support . . . . .. ... ..
The Principle of Least Action . . . . .. ... ... ..
Conservation of the Total Energy . . . . . . ... ...
The Double Pendulum . . . . .. ... ... ... ...
The Two-Body Problem . . . ... .. ... ......
Stability of the Motion of a Pendulum . . . .. .. ..

649
649
649
656
659
669
672
674

683
683
684
684
685
686
686
687
687
687
687
688
688
688
688
688

689
690
692
692

695
695
697
698
699
699
701
701
702
703



Contents Volume 2

48 N-Body Systems*

48.1
48.2
48.3
48.4

48.5
48.6
48.7
48.8
48.9

Introduction . . . . . . ... o oo
Masses and Springs . . . . . . ... ... ...
The N-Body Problem . .. ... ............

Masses, Springs and Dashpots:

Small Displacements . . . . . ... ... ... .. ...
Adding Dashpots . . . . ... .. ... .. ... ...
A Cow Falling Down Stairs . . . .. .. ... .. ...
The Linear Oscillator . . . . . . ... .. .. ... ...
The Damped Linear Oscillator . . . . . .. ... ...
Extensions . . . . . ... ... ...

49 The Crash Model*

49.1
49.2
49.3
494

Introduction . . . . . .. ... ...
The Simplified Growth Model . . . . . . . ... .. ..
The Simplified Decay Model . . . . . . . .. ... ...
The Full Model . . . . . .. ... .. ... .......

50 Electrical Circuits*

50.1
50.2
50.3
50.4

Introduction . . . . . . ... oo
Inductors, Resistors and Capacitors . . . . . . ... ..
Building Circuits: Kirchhoff’s Laws . . . . . . ... ..
Mutual Induction . . . . . . ... ..o

51 String Theory*

51.1
51.2
51.3
51.4
51.5

Introduction . . . . . . ... oL
A Linear System . . . .. ... ... ... ... ...
A Soft System . . . . ... o
A Stiff System . . . ..o
Phase Plane Analysis . . . . . .. ... ... ......

52 Piecewise Linear Approximation

52.1
52.2
592.3
52.4

Introduction . . . . . . . ... oL
Linear Interpolation on [0,1] . . . . . .. .. ... ...
The Space of Piecewise Linear Continuous Functions .
The Ly Projectioninto Vi, . . . . .. .. ... .. ...

53 FEM for Two-Point Boundary Value Problems

53.1
593.2
593.3
53.4

Introduction . . . . . . ... oL
Initial Boundary-Value Problems . . . .. .. ... ..
Stationary Boundary Value Problems . . . . . . . . ..
The Finite Element Method . . . . . . . .. ... ...

XXXIIT

707
707
708
710

711
712
713
714
715
717

719
719
720
722
723

727
727
728
729
730

733
733
734
735
735
736

739
739
740
745
747

753
753
756
757
757



XXXIV Contents Volume 2

53.5 The Discrete System of Equations. . . . . . . ... ..

53.6 Handling Different Boundary Conditions . . . . . . . .

53.7 Error Estimates and Adaptive Error Control . . . . . .

53.8 Discretization of Time-Dependent
Reaction-Diffusion-Convection Problems . . . . . . ..

53.9 Non-Linear Reaction-Diffusion-Convection Problems

References

Index

760
763
766

771
771

775

T



Contents Volume 3

Calculus in Several Dimensions

54 Vector-Valued Functions of Several Real Variables

54.1
54.2
54.3
54.4
54.5
54.6
54.7
54.8
54.9
54.10
54.11
54.12
54.13
54.14
54.15
54.16
54.17
54.18
54.19
54.20

Introduction . . . . . . . ... oo
Curvesin R™ . . . . ... .. ... ... .. ...
Different Parameterizations of a Curve . . . . . . . ..
Surfacesin R", n>3 .. ... ... ... ... .....
Lipschitz Continuity . . . . ... ... ... ... ...
Differentiability: Jacobian, Gradient and Tangent . . .
The Chain Rule . . . . ... ... ... ... ......
The Mean Value Theorem . . . . ... ... ... ...
Direction of Steepest Descent and the Gradient . . . .
A Minimum Point Is a Stationary Point . . . . . . ..
The Method of Steepest Descent . . . . . .. ... ..
Directional Derivatives . . . . . . . .. ... ... ...
Higher Order Partial Derivatives . . . . ... ... ..
Taylor’s Theorem . . . . . . .. ... ... .......
The Contraction Mapping Theorem . . . . . . . .. ..
Solving f(z) =0 with f: R* —=R™ . . ... ... ...
The Inverse Function Theorem . . . ... .. ... ..
The Implicit Function Theorem . . . . . ... .. ...
Newton’s Method . . . . . . ... ... ... .. ....
Differentiation Under the Integral Sign . . . . . .. ..

785

787
787
788
789
790
790
792
796
797
798
800
800
801
802
803
804
806
807
808
809
810



XXXVI

Contents Volume 3

55 Level Curves/Surfaces and the Gradient

55.1
595.2
95.3
55.4
95.5
95.6

Level Curves . . . . . . . . . . ... . ...
Local Existence of Level Curves . . . . . ... ... ..
Level Curves and the Gradient . . . .. ... ... ..
Level Surfaces . . . . .. .. ... .. ... ... ....
Local Existence of Level Surfaces . . . . ... ... ..
Level Surfaces and the Gradient . . . . . ... ... ..

56 Linearization and Stability of Initial Value Problems

56.1
56.2
56.3
56.4
56.5
56.6
56.7

Introduction . . . . . .. ... ...
Stationary Solutions . . . .. ... ... ... ... ..
Linearization at a Stationary Solution . . .. ... ..
Stability Analysis when f/(u) Is Symmetric . . . . . .
Stability Factors . . . . . ... ... ... ..., ..
Stability of Time-Dependent Solutions . . . . . . . ..
Sum Up . .. ...

57 Adaptive Solvers for IVPs

57.1
57.2
57.3
57.4
97.5
57.6
57.7
57.8

Introduction . . . . . ... o Lo
The ¢G(1) Method . . . .. ... .. ... ... .. ..
Adaptive Time Step Control for ¢cG(1) . . . ... . ..
Analysis of ¢G(1) for a Linear Scalar IVP . . . . . ..
Analysis of ¢cG(1) for a General IVP . . . . . ... ..
Analysis of Backward Euler for a General IVP . . . . .
Stiff Initial Value Problems . . . . ... ... .. ...
On Explicit Time-Stepping for Stiff Problems . . . . .

58 Lorenz and the Essence of Chaos*

58.1
58.2
58.3
58.4
598.5

Introduction . . . . . . ... o Lo
The Lorenz System . . . . . . .. ... ... ......
The Accuracy of the Computations . . . . . . ... ..
Computability of the Lorenz System . . . ... .. ..
The Lorenz Challenge . . . . ... ... .. ......

59 The Solar System*

59.1
59.2
99.3
59.4
59.5
59.6
59.7

Introduction . . . . . . ... o Lo
Newton’s Equation . . . . ... ... ... ... ....
Einstein’s Equation . . . . . .. ... ... ... ....
The Solar System as a System of ODEs . . . . . . ..
Predictability and Computability . . . . . .. ... ..
Adaptive Time-Stepping . . . . . . . . . ... .. ...
Limits of Computability and Predictability . . . . . .

813
813
815
815
816
817
817

821
821
822
822
823
824
827
827

829
829
830
832
832
835
836
838
840

847
847
848
850
852
854

857
857
860
861
862
865
866
867



Contents Volume 3

60 Optimization

60.1
60.2
60.3
60.4
60.5
60.6
60.7
60.8
60.9
60.10

Introduction . . . . . .. ... o

The Derivative Is Zero at an Interior Minimum Point .
The Role of the Hessian . . . . . . ... ... ... ..
Minimization Algorithms: Steepest Descent . . . . . .
Existence of a Minimum Value and Point . . . . . ..
Existence of Greatest Lower Bound . . . . . . ... ..
Constructibility of a Minimum Value and Point . . . .

61 The Divergence, Rotation and Laplacian

61.1
61.2
61.3
61.4
61.5
61.6
61.7
61.8

Introduction . . . . . . ... o oo
The Case of R? . . . . .. .. ... ... ........
The Laplacian in Polar Coordinates. . . . . . . . . ..
Some Basic Examples . . .. .. ... ... ......
The Laplacian Under Rigid Coordinate Transformations
The Case of R® . . . . .. ... ... .. ... .....
Basic Examples, Again . . . . .. .. ... L.
The Laplacian in Spherical Coordinates . . . . . . ..

62 Meteorology and Coriolis Forces*

62.1
62.2
62.3

Introduction . . . . . .. ... oo
A Basic Meteorological Model . . . . . . ... .. ...
Rotating Coordinate Systems

and Coriolis Acceleration. . . . . . ... ... ... ..

63 Curve Integrals

63.1
63.2
63.3
63.4
63.5
63.6
63.7
63.8
63.9

Introduction . . . . . .. ... ...
The Length of a Curve in R . . . . .. ... ... ..
Curve Integral . . . . . . .. .. ... ... ... ..
Reparameterization . . . . . . ... ..o Lo
Work and Line Integrals . . . . ... ... .......
Work and Gradient Fields . . . . ... ... ... ...
Using the Arclength as a Parameter . . .. ... ...
The Curvature of a Plane Curve . . . .. ... .. ..
Extension to Curvesin R™ . . . . . ... ... ... ..

64 Double Integrals

64.1
64.2
64.3
64.4

Introduction . . . . . . ... Lo Lo
Double Integrals over the Unit Square . . .. ... ..
Double Integrals via One-Dimensional Integration . . .
Generalization to an Arbitrary Rectangle . . . . . ..

XXXVII

869
869
870
871
872
872
876
876
877
879
880
880

883
883
884
885
886
886
887
888
889

891
891
892

893

897
897
897
899
900
901
902
903
904
905

909
909
910
913
916



XXXVIII Contents Volume 3

64.5 Interpreting the Double Integral as a Volume . . . . .
64.6 Extension to General Domains . . . .. .. ... ...
64.7 Tterated Integrals over General Domains . . . . . . . .
64.8 The Area of a Two-Dimensional Domain . . . . . . ..
64.9 The Integral as the Limit of a General Riemann Sum .
64.10 Change of Variables in a Double Integral . . . . . . ..

65 Surface Integrals

65.1 Introduction . . . . . .. .. ... ... L.
65.2 Surface Area . . . . .. .. L
65.3 The Surface Area of a the Graph of a Function

of Two Variables . . . . ... .. .. ... .......
65.4 Surfaces of Revolution . . . ... .. ... .. .....
65.5 Independence of Parameterization. . . . . . . .. . ..
65.6 Surface Integrals . . . ... ... ... ... ... ..
65.7 Moment of Inertia of a Thin Spherical Shell . . . . . .

66 Multiple Integrals
66.1 Introduction . . . . . .. ... ... ... .
66.2 Triple Integrals over the Unit Cube . . . . . . . . . ..
66.3 Triple Integrals over General Domains in R® . . . . . .
66.4 The Volume of a Three-Dimensional Domain . . . . .
66.5 Triple Integrals as Limits of Riemann Sums . . . . . .
66.6 Change of Variables in a Triple Integral . . . . . . ..
66.7 Solids of Revolution . . .. ... .. ... .......
66.8 Moment of Inertiaof a Ball . . . . ... ... .....

67 Gauss’ Theorem and Green’s Formula in R?
67.1 Introduction . . . . . .. .. ... .. ... ... ... .
67.2 The Special Case of a Square . . . ... ... .. ...
67.3 The General Case . . . . . . . .. .. ... ... ....

68 Gauss’ Theorem and Green’s Formula in R?
68.1 George Green (1793-1841) . . . . .. .. .. ... ...

69 Stokes’ Theorem
69.1 Introduction . . . . ... .. ... .. ... ....
69.2 The Special Case of a Surface in a Plane . . . . . . ..
69.3 Generalization to an Arbitrary Plane Surface . . . . .
69.4 Generalization to a Surface Bounded by a Plane Curve

70 Potential Fields
70.1 Introduction . . . . . . . .. ...
70.2  An Irrotational Field Is a Potential Field . . . . . . . .
70.3 A Counter-Example for a Non-Convex 2 . . . . . . ..

916
917
919
920
920
921

927
927
927

930
930
931
932
933

937
937
937
938
939
940
941
943
944

947
947
948
948

957
960

963
963
965
966
967

971
971
972
974



Contents Volume 3 XXXIX

71 Center of Mass and Archimedes’ Principle* 975
71.1 Introduction . . . . . .. ... ... ... L. 975
71.2 Centerof Mass . . . .. ... .. ... .. ....... 976
71.3  Archimedes’ Principle . . . ... ... ... .. .... 979
71.4 Stability of Floating Bodies . . . ... ... ... ... 981

72 Newton’s Nightmare* 985

73 Laplacian Models 991
73.1 Introduction . . . . . ... ... 991
73.2 Heat Conduction . . .. ... .. ... .. ....... 991
73.3 The Heat Equation . . . . .. ... .. .. ... .... 994
73.4 Stationary Heat Conduction: Poisson’s Equation . . . 995
73.5  Convection-Diffusion-Reaction . . . . . . . .. ... .. 997
73.6 Elastic Membrane . . . . . .. ... ... 0L, 997
73.7 Solving the Poisson Equation . . ... ... ... ... 999
73.8 The Wave Equation: Vibrating Elastic Membrane . . . 1001
73.9 Fluid Mechanics. . . . . ... .. ... .. ... ... 1001
73.10 Maxwell’s Equations . . . . . .. ... .. ....... 1007
73.11 Gravitation . . . .. .. ... ... ... 1011
73.12 The Eigenvalue Problem for the Laplacian . . . . . . . 1015
73.13 Quantum Mechanics . . . .. ... ... ... ..... 1017

74 Chemical Reactions* 1023
74.1 Constant Temperature . . . . . . ... ... ... ... 1023
74.2  Variable Temperature . ... .. .. ... ... ... .. 1026
74.3 Space Dependence . . . .. ... ... ... ...... 1026

75 Calculus Tool Bag IT 1029
75.1 Imtroduction . . . . . .. ... Lo oL 1029
75.2  Lipschitz Continuity . . .. .. ... ... ... .... 1029
75.3 Differentiability . . . . . .. ... ... 1029
754 The ChainRule . . . . .. ... ... ... ..., ... 1030
75.5 Mean Value Theorem for f: R* =R . . .. ... ... 1030
75.6 A Minimum Point Is a Stationary Point . . . . . . .. 1030
75.7 Taylor’s Theorem . . . . . .. .. ... ... ... ... 1030
75.8 Contraction Mapping Theorem . . . ... ... .. .. 1031
75.9 Inverse Function Theorem . . . . . . ... .. .. ... 1031
75.10 Implicit Function Theorem . . . . . . . . . .. ... .. 1031
75.11 Newton’s Method . . . . . . . .. ... ... ...... 1031
75.12 Differential Operators . . . . .. ... ... ... ... 1031
75.13 Curve Integrals . . . . . ... ... ... ... ... . 1032
75.14 Multiple Integrals . . . . . . ... ... ... ... ... 1033
75.15 Surface Integrals . . . . .. .. ... ... ... ... . 1033
75.16 Green’s and Gauss’ Formulas . . .. ... ... .. .. 1034

75.17 Stokes’ Theorem . . . . .. . .. .. .. ... ..... 1034



XL Contents Volume 3

76 Piecewise Linear Polynomials in R? and R? 1035
76.1 Introduction . . . .. .. ... ... ... 1035
76.2 Triangulation of a Domain in R . . .. ... ..... 1036
76.3 Mesh Generationin R3 . . . . ... ... ... ..... 1039
76.4 Piecewise Linear Functions . . . ... ... ... ... 1040
76.5 Max-Norm Error Estimates . . . .. ... ... .. .. 1042
76.6 Sobolev and his Spaces . . . . . . .. ... ... ... 1045
76.7 Quadraturein R? . . . . ... ... ... ........ 1046

77 FEM for Boundary Value Problems in R? and R3 1049
77.1 Introduction . . . .. .. ... ... L. 1049
77.2 Richard Courant: Inventor of FEM . . . . . .. .. .. 1050
77.3 Variational Formulation . . . .. .. ... .. ... .. 1051
774 ThecG(L)FEM. . ... ... ... ... .. ...... 1051
77.5 Basic Data Structures . . . . ... ... L. 1057
77.6  Solving the Discrete System . . . . .. ... ... ... 1058
77.7  An Equivalent Minimization Problem . . . . . . . . .. 1059
77.8 An Energy Norm a Priori Error Estimate . . ... .. 1060
77.9 An Energy Norm a Posteriori Error Estimate . . . . . 1061
77.10 Adaptive Error Control . . . . . ... ... ... ... 1063
7711 AnExample . . . . . . ... oo 1065
77.12 Non-Homogeneous Dirichlet Boundary Conditions . . . 1066
77.13 An L-shaped Membrane . . . .. ... ... ...... 1066
77.14 Robin and Neumann Boundary Conditions . . . . . . . 1068
77.15 Stationary Convection-Diffusion-Reaction . . . . . .. 1070
77.16 Time-Dependent Convection-Diffusion-Reaction . . . . 1071
77.17 The Wave Equation . . ... .. ... ... ... ... 1072
77.18 Examples . . . . .. ... oo 1072

78 Inverse Problems 1077
78.1 Introduction . . . .. .. .. ... ... ... ... .. 1077
78.2  An Inverse Problem for One-Dimensional Convection . 1079
78.3  An Inverse Problem for One-Dimensional Diffusion . . 1081
78.4  An Inverse Problem for Poisson’s Equation . . . . .. 1083
78.5  An Inverse Problem for Laplace’s Equation . . . . .. 1086
78.6 The Backward Heat Equation . . . . . .. .. ... .. 1087

79 Optimal Control 1091
79.1 Introduction . . . .. .. ... ... ... .. ... .. 1091
79.2 The Connection Between % and %—i .......... 1093

80 Differential Equations Tool Bag 1095
80.1 Introduction . . . .. .. ... ... ... ... ..... 1095
80.2 The Equation v'(z) = A(z)u(x) . . . .. ... .. ... 1096
80.3 The Equation u'(z) = AM(x)u(z) + f(x) . . . . ... .. 1096



80.4
80.5
80.6
80.7
80.8
80.9
80.10
80.11
80.12

Contents Volume 3

The Differential Equation > ,_, axDFu(z) =0 . . ..
The Damped Linear Oscillator . . . . .. ... .. ..
The Matrix Exponential . . . . . ... ... ... ...
Fundamental Solutions of the Laplacian . . . ... ..
The Wave Equationin 1d . . .. ... ... ... ...
Numerical Methods for IVPs . . . . . ... ... ...
cg(1) for Convection-Diffusion-Reaction . . . ... ..
Svensson’s Formula for Laplace’s Equation . . . . . . .
Optimal Control . . . . .. ... ... ... ......

81 Applications Tool Bag

81.1
81.2
81.3
81.4
81.5
81.6
81.7
81.8
81.9
81.10
81.11
81.12

Introduction . . . . . ... ...
Malthus’ Population Model . . . . . ... .. ... ..
The Logistics Equation . . . . . ... ... ... ....
Mass-Spring-Dashpot System . . . . ... .. ... ..
LCR-Circuit . . . . . . ... .. .
Laplace’s Equation for Gravitation . . . . .. ... ..
The Heat Equation . . . . . .. ... ... .......
The Wave Equation . . .. ... ... ... ......
Convection-Diffusion-Reaction . . . . . . . ... .. ..
Maxwell’s Equations . . . . . ... ... ... .....
The Incompressible Navier-Stokes Equations . . . . . .
Schrodinger’s Equation . . . . . . . ... oL

82 Analytic Functions

82.1
82.2
82.3
82.4
82.5
82.6
82.7
82.8
82.9
82.10
82.11
82.12
82.13
82.14
82.15
82.16
82.17
82.18
82.19
82.20

The Definition of an Analytic Function . . . . . . . ..
The Derivative as a Limit of Difference Quotients . . .
Linear Functions Are Analytic. . . . . ... ... ...
The Function f(z) = 2% Is Analytic . . . . . ... ...
The Function f(z) = z™ Is Analytic forn =1,2,... . .
Rules of Differentiation . . . . . . ... ... ... ...
The Function f(z)=2z"" ... ... ... ... ....
The Cauchy-Riemann Equations . . ... .. ... ..
The Cauchy-Riemann Equations and the Derivative . .
The Cauchy-Riemann Equations in Polar Coordinates

The Real and Imaginary Parts of an Analytic Function
Conjugate Harmonic Functions . . . . .. ... .. ..
The Derivative of an Analytic Function Is Analytic . .
Curves in the Complex Plane . . . . .. .. ... ...
Conformal Mappings . . . . . .. .. ... ... . ...
Translation-rotation-expansion/contraction . . . . ..
Inversion . . . . . . . . ... o
Mobius Transformations . . . . . . . ... ... .. ..
w =22 w=e* w=log(z) and w =sin(z) . . . . ..
Complex Integrals: First Shot . . . . .. ... .. ...

XLI

1096
1097
1097
1098
1098
1098
1099
1099
1099

1101
1101
1101
1101
1101
1102
1102
1102
1102
1102
1103
1103
1103

1105
1105
1107
1107
1107
1108
1108
1108
1108
1110
1111
1111
1111
1112
1112
1114
1115
1115
1116
1117
1119



XLIT

82.21
82.22
82.23
82.24
82.25
82.26
82.27
82.28
82.29
82.30
82.31
82.32

82.33
82.34

Contents Volume 3

Complex Integrals: General Case . . .. .. ... ...
Basic Properties of the Complex Integral . . . . . . ..
Taylor’s Formula: First Shot . . . . . . ... ... ...
Cauchy’s Theorem . . . ... ... ... .. ......
Cauchy’s Representation Formula . . . . . ... .. ..
Taylor’s Formula: Second Shot . . . ... .. ... ..
Power Series Representation of Analytic Functions

Laurent Series . . . . . . . . . .. ... .. ... ...
Residue Calculus: Simple Poles . . . . . ... ... ..
Residue Calculus: Poles of Any Order . . . . ... ..
The Residue Theorem . . . .. ... ... ... ....
Computation of fo% R(sin(t),cos(t))dt . . . . ... ..

Computation of [ p@) g

—oo g(x)

Applications to Potential Theory in R% . . . . . . . ..

83 Fourier Series

83.1
83.2
83.3
83.4
83.5
83.6
83.7
83.8
83.9
83.10
83.11
83.12
83.13
83.14
83.15
83.16

Introduction . . . . . . . ... oL
Warm Up I: Orthonormal Basis in C* . . . . ... ..
Warm Up II: Series . . . . . . .. .. .. ... .. ...
Complex Fourier Series . . . . . . . ... ... .....
Fourier Series as an Orthonormal Basis Expansion
Truncated Fourier Series and Best Lo-Approximation .
Real Fourier Series . . . . . ... .. ... .......
Basic Properties of Fourier Coeflicients . . . . . . . ..
The Inversion Formula . . . . .. ... ... ... ...
Parseval’s and Plancherel’s Formulas . . . . . ... ..
Space Versus Frequency Analysis . . . .. .. ... ..
Different Periods . . . . ... ... ... .. ......
Weierstrass Functions . . . . ... .. ... ... ...
Solving the Heat Equation Using Fourier Series . . . .
Computing Fourier Coefficients with Quadrature

The Discrete Fourier Transform . . . . . . .. ... ..

84 Fourier Transforms

84.1
84.2
84.3
84.4
84.5
84.6
84.7
84.8
84.9
84.10

Basic Properties of the Fourier Transform . . . . . ..
The Fourier Transform f(£) Tends to 0 as |{] — o0 . .
Convolution . . . . . . . ... ... ... ...
The Inversion Formula . . . . .. . ... ... .....

Parseval’s Formula . . . ... ... ... ... .....

Solving the Heat Equation Using the Fourier Transform

Fourier Series and Fourier Transforms . . . ... ...
The Sampling Theorem . . . . ... ... ... ....
The Laplace Transform . . . . . . .. ... ... ....
Wavelets and the Haar Basis . . . . .. ... .....

1120
1121
1121
1122
1123
1125
1126
1128
1129
1131
1131
1132

1133
1134

1141
1141
1144
1144
1145
1146
1147
1147
1150
1155
1157
1158
1159
1159
1160
1162
1162

1165
1167
1169
1169
1169
1171
1171
1172
1173
1174
1175



Contents Volume 3

85 Analytic Functions Tool Bag

85.1
85.2
85.3
85.4
85.5
85.6
85.7
85.8
85.9
85.10
85.11

Differentiability and analyticity . . . .. ... .. ...
The Cauchy-Riemann Equations . . . .. .. ... ..
The Real and Imaginary Parts of an Analytic Function
Conjugate Harmonic Functions . . . . .. ... .. ..
Curves in the Complex Plane . . . . .. .. ... ...
An Analytic Function Defines a Conformal Mapping

Complex Integrals . . . ... .. ... ... ......
Cauchy’s Theorem . . . . .. .. ... ... ......
Cauchy’s Representation Formula . . . . . ... .. ..
Taylor’s Formula . . . . ... ... ...........
The Residue Theorem . . . . .. .. ... ... . ...

86 Fourier Analysis Tool Bag

86.1
86.2
86.3
86.4
86.5
86.6
86.7
86.8

Properties of Fourier Coefficients . . . . . .. ... ..
Convolution . . . ... ... ... ... .. .......
Fourier Series Representation . . . . ... ... .. ..
Parseval’s Formula . . . ... ... .. ... ......
Discrete Fourier Transforms . . . . . .. ... .. ...
Fourier Transforms . . . . ... ... ... ... ....
Properties of Fourier Transforms . . .. ... .. ...
The Sampling Theorem . . . . ... ... ... ....

87 Incompressible Navier-Stokes: Quick and Easy

87.1 Imtroduction . . . . . .. ... ... ... L.
87.2 The Incompressible Navier-Stokes Equations . . . . . .
87.3 The Basic Energy Estimate for Navier-Stokes . . . . .
87.4 Lions and his School . . . . . ... ... ... .....
87.5 Turbulence: Lipschitz with Exponent 1/37 . . . . . ..
87.6 Existence and Uniqueness of Solutions . . . . . . . ..
87.7 Numerical Methods . . . . . ... .. ... ... ....
87.8 The Stabilized ¢G(1)dG(0) Method . . . . . ... ...
87.9 The ¢cG(1)cG(1) Method . . . . . .. ... ... ....
87.10 The ¢cG(1)dG(1) Method . . . . . .. .. ... .. ...
87.11 Neumann Boundary Conditions . . . . . ... ... ..
87.12 Computational Examples . . . . .. .. ... .. ...
References

Index

XLIIT

1179
1179
1179
1180
1180
1180
1181
1181
1181
1181
1182
1182

1183
1183
1183
1184
1184
1184
1184
1185
1185

1187
1187
1188
1189
1190
1191
1192
1192
1193
1194
1195
1195
1197

1203

1205



