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Nearly incompressible elasticity displays severe locking problems when low order standard
nodal-based displacement methods are used. In engineering practice, this problem is usually cir-
cumvented by use of special numerical integration schemes with under-integration of the diver-
gence terms. It is well known that this is equivalent with certain mixed finite element methods
using lower order approximation of the Lagrange multiplier (which corresponds to the diver-
gence), see Malkus and Hughes [12]. Another approach is to use non-conforming finite element
methods, for instance a linear approximation with relaxed continuity requirements, cf. Brenner
and Sung [6] and Kouhia and Stenberg [11].

In this paper, we instead propose the use of a classical discontinuous Galerkin method of
Nitsche [13], further developed and analyzed, in the case of scalar elliptic and parabolic prob-
lems, by Baker [2], Wheeler [16], and Arnold [1] in the late seventies. Similar approaches have
recently been explored, again for scalar elliptic problems, by Freund [10], Oden, Babus̆ka, and
Baumann [14], and, for domain decomposition purposes, by Becker and Hansbo [4].

The Nitsche approach allows for independent approximations on different elements, and the
continuity of the solution across interelement boundaries, as well as the boundary conditions, are
enforced weakly, in such a way that the resulting discrete scheme is consistent with the original
partial differential equation. Furthermore, the direct approximation of the elasticity operator
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results in a symmetric positve definite system of equations with the same condition number as a
standard finite element method of

"$#&%�'�(*)
, where

%
is the meshsize.

We analyze the Nitsche method and show that the extra flexibility obtained by using discon-
tinuous approximation together with properly chosen stabilization terms result in a locking free
method with optimal order convergence.

Next, we formulate a mixed version of the Nitsche method, which is useful in the incompress-
ible limit (Stokes’ problem). We establish the stability of the method and state optimal a priori
error estimates. Furthermore, for certain parameter values the mixed scheme is equivalent to the
single field scheme, and thus we obtain a new proof of our earlier a priori error estimates.

The paper is organized as follows: in Section 2 we state the equations of linear elasticity
and discuss the problem of locking and possible remedies; in Sections 3 and 4, we formulate
and anlyze the single field and mixed Nitsche method, respectively; we also present illustrative
numerical examples. Finally, in Section 5, we give some concluding remarks.+Q�-,/.1020�3@¡�4»�1£¤�S�65���7	8Q£¤�60�4��90�8:4152�¼£¤¢¼£5�
;<4��D <8^�S¢ =@£¤�6>

We consider the equations of linear elasticity in two dimensions: Find the displacement ?A@BDC�EGF (EIH
J
and the symmetric stress tensor K<@ BDL�ENM*F (EPO MQH
J

such thatKR@TSVUXWY?�Z\[ +^]�_ # ? ) in `bac UdWeKR@gf in `ba?h@Ri on j�` D aK9Wlk<@nm on j�` N o
# +Q� � )
Here ` is a closed subset of p ( , S and

]
are positive constants called the Lamé constants,

satisfying qhr ] J r ] r ] ( and qsrtSnrtuna and
_ # ? ) @ B vwENM # ? ) F (EGO MxH
J is the strain tensor

with components veENM # ? ) @ �+ y j C�Ej{z M [ j C�Mj{z Ee| o
Furthermore, U}W~Kd@ ��� (MxH
J j L{ENMY� j{z M*� (E�H
J , Z�@ BN��ENM�F (EGO MxH
J

with
��ENM @ � if ��@�� and

��ENM @Xq if���@g� , f and m are given loads, i is a given boundary displacement, and k is the outward unit
normal to j�` . In terms of the modulus of elasticity, � , and Poisson’s ratio, � , we have, in the
case of plane strain, that S�@n��� � #Q# � [9� )!# � c + � )Q) and

] @A� � # + # � [�� )x) .
Incompressible behavior is obtained as the parameter Sg� u , i.e., as �A� � � +

. In such
cases the performance of standard conforming methods will deteriorate, a phenomenon known
as locking. To alleviate locking, several approaches exist; some well-known examples are:� Mixed finite element approximations with additional unknowns representing the divergence

of the displacement. The problem with this approach is that as the material tends to the
incompressible limit, the selection of the discrete spaces cannot be selected independently
of each other. This problem is discussed, e.g., in the textbook by Brezzi and Fortin [7].� Under-integration of the divergence term. This idea is related to the mixed approach, cf.
[12], and will not work unless the under-integration is sufficiently severe.
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 ������������� �� Non-conforming methods with reduced continuity requirements on the displacements. This
approach requires that the resulting scheme fulfills a discrete version of Korn’s inequality
to ensure coercivity of the discrete operator. For an example of such a method, see [11].� Stabilized finite element methods, e.g., of Galerkin/least-squares type. This approach is
similar to a mesh dependent relaxation of the incompressibility condition, as suggested by
Brezzi and Pitkäranta [9].

In this paper we propose a new possibility: a consistent relaxation of the continuity requirements
using a version of a method originally proposed by Nitsche [13]. Using this approach, we do
not need to use under-integration, we do not need to introduce additional variables, and we do
not need to prove a discrete Korn’s inequality. The main, and serious, drawback of our approach
lies in the increased number of degrees of unknowns as compared with a continuous method
of the same order of convergence. We emphasize that this work should be viewed as a first step
towards investigating the possibilities inherent in the framework of discontinuous approximations
for higher-order differential operators.� ���  @£ 52¢¼�@�D�¼£¤��¡D�@¡15��\4�8 0P��=S£¤���b0J��.D�S � � �X� "	���������! �"$#!��%&��'("$)+*-,.#0/213��%�"4#0%5�+����/��6 7�!*8�$9	#:%;�<*="4).�	,?>

Consider a subdivision of` into a geometrically conforming simplicial finite element partitioning @BAb@DC4EGF of ` . LetHGI # E ) @JC$K : each component of K is a polynomial of degree L&M on EGF aN A @DC$K<O BQP ( # ` ) FG(SR KUT VWO HGI # E )�X EYOW@ A F a
let j�E int denote the sides of the element E neighboring to other elements, j�E N the sides neighbor-
ing to j�` N, and j�E D the sides neighboring to j�` D. Further, let kZV denote the outward pointing
normal to j7E , and, for [\O j�E , let

B^] F @ ]`_ c ] '
and a ]cb @ # ]`_ [ ] ' ) � +

, where]ed @gfihkjmlknpo ] # [`q�r�kUV ) .
We seek a function

] O N A such thats A # ] atK ) @ P A # K ) for all KuO N A o# � � � )
The bilinear form s A # WGa W ) and linear functional

P A # W ) are sums of element contributions s A # ] atK ) @� V s V # ] avK ) and
P A # K ) @ � V P V # K ) defined bys V # ] atK ) @ w V K # ] ) R _ # K )�x z# � � + )

c �+ w�y V int

# a K # ] ) WlkzV b W B K F [;a&K # K ) WlkzV b W B{] F )zx8|
[ ] + w y V int }8~% B{] F W B K F x8| [ S + w y V int }8�% B^] WlkUV F B K W kUV F x8|
c w�y V D

# K # ] ) WlkUV W4K$[hK # K ) WlkUV$W ] )zx8|
[ ] w y V D }=~% ] W4K x8| [9S w y V D }8�% ] W kUV�K WlkUV x8| a
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where we have used the notation K R _ @ � E � M L{ENM�vwEDM

, and the linear functional is given byP V # K ) @ w V f	W4K x z�[ w�y V N

m W4K x8| c w�y V D

K # K ) WlkUV WYi x8|# � � � )
[ ] w y V D }8~% i W4K x8| [�S w y V D }8�% i WlkUV�K WlkUV x | o

Here, on each edge � , the mesh parameter
%

is defined by

% T � @
��� �� + y length

# � )
area

# E _ ) [ length
# � )

area
# E ' ) | '

J
for ��� j�E _	� j7E ' a

area
# E ) � length

# � ) for ��� j�E � j�` o# � ��
 )
�6*8�u ��$9 >

This definition of the mesh parameter
%

on each edge makes it possible to calculate,
explicitly, suitable values for the parameters }�~ and } � in (3.2) that are independent of the size
and shape of the triangles. However, assuming a quasi-uniform mesh, one may use some other
equivalent choice of mesh parameter, for instance, the length of the edge.

By use of Green’s formula, we readily establish the following proposition.
' ���
� ��/2#�"$#!��%��5>��7>���������������� � # � � � )"!$#&% �(' #�!$# �)��'�� ! '*�+��� # ��' # �����-,.�s A # ? c ] avK ) @Aq/ �(01,.2�2 KuO N A ,.'3� / �(0 ? #�4657%�! ��'���298:0;�=< 4 2>,.0@?� � + � �A����#!����#5*=�$�$���G*8/ "$#:�u �"2* / >

For the purpose of error analysis, we introduce the following
mesh dependent energy norm TCB
KDB�T ( @ EV
F G3H TCB
KDB�T (V a# � �JI )
where the element contributions TCB
KDB�T V are defined byTCB
KDB T (V @ +^]LK B _ # K ) B (MONQP V-R [ �+TSS % ' J�U (wB K F SS (MONQP

y V int R [ SS % ' J�U ( K SS (M.NVP
y V D R+W# � �YX )

[ S K B�U W2KZB (M.NVP V-R [ �+ SS % ' J�U (wB K Wlk F SS (MONVP
y V int R [ SS % ' J�U ( K Wlk SS (MONVP

y V D R[W a
where, for tensors, B _ # K ) B (MONVP V-R @ w V _ # K ) R _ # K )�x z o
The mesh dependent norm TCB W\B T can be used to bound the broken ] J # ` ) norm on

N A , which
we show in the following proposition.
' ���
� ��/2#�"$#!��%��5>$^5>�������0;� !$# , % �(' # �=,.'��`_ba ! '3�c�)d���'3�c��'��D� / % a ] ae,.'3� S #�4�% �f�+�-,.�

EV
FgG3H B
KDB ( hji P V-R L _ TCB
KDB T ( / �(01,.2�2 K<O N A ?# � �Jk )
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 ������������� �
� 0;� � / ?�������� j
	���
�������
�	�� h���
�����
������ � h���	��� # � �Jk ) h ��! 	"��� �$# �%��
�	"�& '� fif��)( � ��
����B _ # K ) B MONQP V-R @nq a
�����*��
+	,��	- '����	GKUT V`O/.�0 # E )-1 (%
�	"��	

.�0 # E ) @ C$K O HGI # E ) R K # [ ) @325VV[54tV # c z ( axz J ) a�2	VWO p ( a64tVWO pZF# � �87 )
h � ��
�	 ��9 ��:,	;�� fkh���	,���th ! 	"�<�th�� h��>=?�@�@A j
���vh���� � ����E �$B 	-CD� 1 ��� hE���F��
����B B K F B M N P y V-R @nq a
(G	�:"����:�f � ��	���
�������
�	"��	�����	%:"��� � ������� � 2H�����
4 ��� :I

��
����J2 @K2	V<�����
4 @K4tV 1  '���$� fifD��� hL����� f�	 �E �NM � ����
�	,� j
����	 1  '���3j B
KDB MON P y ODP R @ q hE�F '�3fifE�Q( � ��
����>2X@SRT�����T4 @ q �NU 
 ��� 1 hV W��
+	
�thE��
�����
������ � h���	��� # � �Jk ) h �X! 	,��� 1 � � h � ��
�	(f�	- Y����
������ � h���	 1 � hE��:,	 q�r ] J r ]  '��� � �3jF	 9 � � hE�thEZ�	
:,��� � ������� ] J �$M h���� fifEA 1D[ ��hE��	���hijF	,� � h������ fihV�\A 1 ������	-��
�	"��(ZhE��
 � :]� fkh���� 1 A8h�	�fE� � ��
�	���	 ��� fE� �

In order to show that the method
# � � � )

is stable, we shall show that s A # WGa W ) is coercive with
respect to the norm T B�W\B�T , given that }�~ and } � are chosen large enough. In order to do so, we
need the following inverse inequalities.
�?* �u�u �	>[�7>_^ �(0 K<O H I # E ) ������0;� ,.0 � % �(' # �=,.'�� # _

~
,.'3�&_

�
a ! '3�c�)d���'3�c��'��D� / �����b� ! ,.�����)��0% a #�4
% �f���-,.�

SS % J�U ( _ # K ) Wlk SS (MONVP
y V R L _

~ B _ # K ) B (M.NVP V-R a# � �8` )
SS % J�U ( UdW4K SS (MONQP

y V-R L _
� B!UdW4KDB (M.NQP V-R a# � � � q )

a ����0;�T�('�� , % � � � <c� � � j�E �+���	��� # � #�!Vb � %7!$# �c�'cj' � �/d 8 % @ ,.0 � , # E ) � 2$��'c<.��� # � ) ?&e / a ! ', � � ! � ! �('-a E !$# , # ��0V, ! <(�c�gf � � <c� ����0 ! ,.'c<.2$� a _
~

,.'3�T_
�

,.0;�T,.2 # � ! '3�c�)d���'3�c��'���� / �+����� ! ' ! �:,.2,.'c<.2$�&� / �����"��0 ! ,.'c<.2$� E ?
� 0;� � / ? U � 9 ���QZ�	 # � �8` ) (J	<�+����	h��
�����hE X��
�	>�thE��
��i
������ � hE��	Bh �_! 	"��� 1 (G	<
��]Z�	 KDOK.�0 # E )j1
(%
�	"��	k.�0 # E ) h � ��	 [ �+	,�&h�� # � �l7 ) �����T��
 ��� ��
�	�fE	" Y�<
������ � h��+	Wh � � f � � ! 	,��� �mM ��� # � � � q )
(G	k�+����	/��
���� � hE��:,	�K h � � 9 � fEAD���3j hL� f 1 B!U W�KZB MONQP V-R @ q hij 9 fkh�	 � U W�K @ q 9 �3h����\(Zh � 	 1
�����n��
 ��� B % J�U ( U W K B M N P y V-R @ q �po ����
k	 � �thij
����	 � 1 # � �8` ) ����� # � � � q )j1 �+�Q(q '�3fifE�)(r '���3j [ ��hE��	
��hkj
	"� � hE����� fkhE�\A
����� � :,� fihE���i '���3js� � ��hE�%��	" '	"��	,�+:,	_	 f�	 j
	"�t� �M � ����
�	,� j
����	 1 hE Eq
�� �W� ����� hE��
��u	"����	 � 1 ��
�	,�`E h � ��
�	�hij
����	��� v�h��	" '	,��	,��:"	i��� hL����� f�	 � ����	"�
���&��wF��	 jh� 9�9 h��+�p�����<��
�	"��	- '����	���
�	�x � ���th�	"�t�

_
~
O � @ ����9

y F,z|{ P V-R f�	"������

# � )�' J w � _ # K ) W k9W _ # K ) Wlk

����	]� # E ) ' J w V _ # K ) R _ # K ) a# � � �X� )
(%
�	"��	 �Yh � ���p	"����	%�� |��
�	����thL�����3f�	 E 1 h � hE����	 9 	,�+��	,���G�� |��
�	 � h ! 	%���+� � 
�� 9 	%�� }��
�	X��� hL���+�3f�	 E �U 
�h � h �X� 	"	,�~=tA6jh� 9+9 h����i������
�	���	- '	,��	,��:"	�	 f�	�jF	,���6���+� ��� h�������
�	W g��:"�%��
�������
+	���	"��	,�tj h��������
�� ���
�	%����:"��=�hL��� h � :,��� � �I����� ��B �)( � hij 9 fVA���	 [ �+	 _

~ @
� _
~
O � 1 � h���:"	J��
�	"��	�����	J��
���	"	X	,����	 � �
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Here we shall calculate upper bounds of the constants
_
~ and

_
� . From the proof

of Lemma 3.1 we have
_
~ @

� _
~
O � . Further

_
~
O � is the maximum eigenvalue of the eigenvalue

problem
���K @TS�� �K a# � � �e+ )

where
�K denotes the coordinates of K in a basis C�� M F for

H I # E ) ,
� EDM @ w � k9W _ # � E ) WYk W _ # � M )�x | a

and

� ENM @ w V _ # � E ) R _ # � M )�x z o
We can treat

_
� in a similar manner. Solving these eigenvalue problems numerically and multi-

plying the maximum eigenvalue by three, give the following values for
_
~ and

_
� . Note that the

constant increases with the order of the polynomials � .

p=1 p=2 p=3 p=4_
~ 1.6875 5.0625 10.1249 16.2948_
� 1.5000 4.5000 9.0000 15.0000

We are now ready to show our coercivity result.
' ���
� ��/2#�"$#!��%��5>$�5>;e /

}=~ 	 �

 +�� [ _

~ 	 �
� 
 # � c � ) a / �(0 qnr � r � a:������' �+��� / �(2�2$� a ! 'c<� # � ! �:,.� � ���(2>� #

� TCB
KeB T ( L s A # K avK ) / �(0",.2�2 K<O N A a# � � �4� )! '3�c�)d���'3�c��'��e� / % ?	����� % �(' # �=,.'�� # _
~
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For the proof of our main a priori error estimate we need to introduce the interpolation operator

of Brezzi, Douglas, and Marini, see [8] and the book by Brezzi and Fortin [7]. We summarize its
properties in the following lemma.
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We are now ready to formulate our main result.
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Combining the error estimate in Theorem 3.1 with the elliptic regularity estimate
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(valid uniformly in � , cf. Vogelius [15]) we obtain the following estimate in terms of data, which
shows that the method does not lock as S�� u .
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We consider the “driven cavity flow” problem, common in fluid
flow applications. The domain is `R@ # q a � )��s# q a � ) , and the boundary conditions are given by:
On j�` J @ Clz ( @ � and q�r z J r � F we set ? @ # � a q ) and on j�`	�bj�` J we set ?�@ # q a q ) .
In Fig. 1 we show computational results using a standard conforming finite element method (left
column) and the proposed method (right column) for modulus of elasticity � @ � and Poisson’s
ratio �\@ Cwq o 
�` a�q o 
�`�` a�q o 
�`�`�` F o
The continuous, conforming, method displays visible locking problem for � � q o 
�` , whereas
the discontinuous method is completely robust with respect to locking. In Fig. 2 we show the
computational mesh; the displacement fields shown in Fig. 1 are obtained by evaluation in the
midpoint of each element. Finally, in Fig. 3, we show the

P ( # ` ) c norm of the difference between
the continuous and discontinuous solutions as a function of Poisson’s ratio.
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In this section, we shall formulate and analyze a mixed discontinuous Galerkin method. Such

a method is of interest in its own right for approximating mixed problems corresponding to the
case of an incompressible material or the Stokes problem modeling incompressible fluid flow.

Furthermore, from the analysis of the mixed method we obtain a new error estimate, which
complements Theorem 3.1, for the single field method. In particular, it follows that the sin-
gle field method does not lock in the incompressible limit. For an alternative discontinuous
Galerkin method for the Stokes problem, using continuous pressure and discontinuous piecewise
solenoidal velocity, see Baker, Jureidini, and Karakashian [3].
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To formulate a

mixed version of (3.1), we make the identificationH T V�@ # c S�UdW ] ) T V1a
so that

H O�
 A , where
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Note that the incompressible limit S$� u corresponds to � V # WPa W ) @nq .
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For the analysis of the mixed method we introduce the normsBvK B ( � H @ EV
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As is well known, see Brezzi and Fortin [7], the existence of a solution to

# 
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satisfying optimal

error estimates is a direct consequence of the stability conditions in the following proposition.
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Note that to establish the coercivity with respect to
N A , does not require } � � q ,

and thus we may choose }�� @ q when implementing the mixed method. In fact, this is the natural
choice. However, for equivalence with (3.1) we need to keep this term in the formulation. The
equivalence is necessary for the analysis of the mixed method to hold also for the single field
method.

We are thus ready to state a standard a priori error estimate for the mixed method. Here,
we are only interested in the limiting case of S�� u ; the identification

H T V�@ # c S�U W ] ) T V ,
together with uniqueness of the solution to the mixed problem, shows that the solution to the
mixed problem is in fact identical to that of

# � � � )
for S finite.
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We show the effect of varying the stability parameter }�~ . The
domain and boundary conditions are the same as in Section 3.3.

In Fig. 4, we show the typical checkerboarding pattern in the pressure variable, resulting from
an injudicious choice of } ~ @

X q~q�q . Choosing }8~ this large means enforcing the continuity of
the related conforming mixed method, which is not stable. In Fig. 5, we show the correspond-
ing stable solution for } ~ @ X

. For ease of presentation, we show the
P ( c projection of the

discontinuous pressure onto the space of piecewise linear, continuous, functions.IQ���-�S�D¢ 8^¡D @£¤�6> ��0�� 4@��=�5
In this paper, we have proposed a weakly conforming, discontinuous, and piecewise polyno-

mial finite element method for incompressible and nearly incompressible elasticity. Numerical
examples support the theoretical results that

(i) the proposed method does not lock in the limit of Poisson’s ratio tending to 1/2 (i.e., the
error estimates hold uniformly in S ),

(ii) the corresponding mixed method is stable in the sense of Babus̆ka and Brezzi.

Our approach has the disadvantage of introducing many more unknowns than the corresponding
continuous finite element method of the same polynomial degree. Nevertheless, we believe that
it has some distinct advantages: it is more general than the continuous finite element method,
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which it contains as a special case, and it enables the use of different polynomial degree of
approximation on adjacent elements, as well as the use of non-matching meshes.
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