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EDGE STABILIZATION FOR THE GENERALIZED STOKES
PROBLEM: A CONTINUOUS INTERIOR PENALTY METHOD

ERIK BURMAN AND PETER HANSBO

ABSTRACT. In this note we introduce a new stabilized finite element method for the
generalized Stokes equation. The method uses least square stabilization of the gradient
jumps across element boundaries and can be seen as a higher order version of the Brezzi-
Pitkdranta penalty stabilization [6]. The method gives better resolution on the boundary
for the Stokes equation than does classical Galerkin Least Squares fomulation and has
quasi optimal convergence properties for the porous media models of Darcy and Brinkman.
Some numerical examples are given.

1. INTRODUCTION

The use of equal order interpolation of the pressure and the velocities for the Stokes prob-
lem are not stable if implemented without stabilization. Over the years many stabilization
methods have been proposed and stabilization is by now a well established discipline with
different well explored methods like the SUPG/SD-method [13], the residual free bubbles
[5] and more recent contributions like local projection methods [9, 3] for Stokes problem.
The relation between the different approaches is also well understood in most cases. In
this paper we present a method which stabilizes both Stokes problem and Darcy’s problem
by adding a least-squares term based on the jump in the gradient over element boundaries.
The method has many of the advantages of the above methods, but no additional degrees
of freedom are added, no hierarchical meshes are needed, the formulation remains symmet-
ric, and the mass can be lumped for efficient time marching and treatment of stiff source
terms. The price to pay is an increased number of non-zero elements in the jacobian due
to the fact that the gradient jump term couple neighboring elements. This method has
been successfully applied to the problem of convection—diffusion in [7] and it was noted
that the stabilization parameter was independent of the diffusion parameter, hence making
the method very well suited also for degenerate diffusion problems. For the Stokes prob-
lem the behavior is somewhat different and, depending on how the stabilization parameter
scales with respect to the meshsize h, the analysis gives different results. Using the optimal

Date: September 30, 2003.

Key words and phrases. generalized Stokes’ equation, stabilized methods, finite element, interior penalty
method.

Erik Burman, Department of Mathematics, Ecole Polytechnique Fédérale de Lausanne, Switzerland,
email: Erik.Burman@epfl.ch

Peter Hansbo, Department of Solid Mechanics, Chalmers University of Technology, S-412 96 Goteborg,
Sweden, email: hansbo@solid.chalmers.se.

1



2 ERIK BURMAN AND PETER HANSBO

choice yields the following a priori error estimates for the Stokes’ and the Darcy’s problems
respectively,

o Stokes
= wnllog + B (IIV (e = wn)llog + o = pulle) < B2 (llullz0 + 210

e Darcy
= wnlosa + 12 = prlloe + B72(I1 - (u = w) oo + [V (2 — pa) o)

< W2 ([lulag + pllze).

We observe that this is optimal for the case of Stokes equation. For Darcy’s equation we
have optimality for the divergence of the velocities and the gradient of the pressure and
suboptimality with a gap of half a power of h for the pressures and the velocities in the
L? norm. This result for the vanishing viscosity case is very similar to the corresponding
convection—diffusion result.

2. GENERALIZED STOKES’ PROBLEM

We propose to study a generalized Stokes problem, with two parameters ¢ and v includ-
ing the Darcy’s equation as a special case. We consider the problem of solving the partial
differential equation

ou—vAu+Vp = f inQ,

(2.1) V-u = g in (),
u-n = 0 ondf
vu-t = 0 on 0f).

where  is bounded polygonal domain in R? with boundary 09, d = 2,3 and ¢ and v
are two positive parameters, that may not vanish simultaneously. This problem can be
written in weak form as follows: Find u € V = {v € [H*(Q)]¢ : v|sgq = 0} when v > 0
(weV={ve[l](]4,V -vel?Q): v-nlgg=0}forv=0)and p e Q = Ly(Q)/R
when v > 0 (p € H(Q) for v = 0) such that

(2.2) a(u,v) + b(p,v) — b(q,u) = L(v,q), ¥(v,q) €V xQ,
where

d
a(u,v) = /QZaum + vVu; - Vo dx, b(p,v) = — /Qp V -vde,
i=1

and

L(v,q):/ﬂf-vdx—/gqux.

The finite element method consists of seeking piece wise polynomial approximations wuy,
of u and p, of p, where u, € V* C V and p, € Q" C Q, with V" and Q" built from
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continuous functions. Consider a partitioning of {2 into a conforming triangulation 7}, of
affine simplicies K. We shall be concerned with the approximation

Vh={ve VD)) v|g € [PHK)]? VK €T},
and a continuous pressure space,
Q"={q€QnC’Q): qlx € P(K) VK €T}

It is well known that the combination V" x Q" is unstable (see, e.g., [4]).
The edge stabilization method can be formulated as follows: Find (us,pn) € V" x Q"
such that

a(ufwv) + b(pha U) +§(Uh,21) = L(Ua O) n Q7

(23) b, un) — jpma) = L(0.q) in,

for all (v,q) € V" x Q" where

(2.4) i) =35 [ ahit e V- alds
and
(2.5) jne) =3 % /aK VRV - un] [V - 0] ds,

where [z] denotes the jump of quantity x over edge 0K when 0K N2 = ) else [x] = 0.
The coefficient s takes the values s = 2 in the case v > h and s = 1 in the case v < h.

Remark 2.1. The change of the order of the parameter when passing from the viscous
case to the non-viscous case ressembles the behavior of the SUPG method for convection—
diffusion problems. A standard way of handling this for problems where the viscosity is
non-uniform in the domain is to use the v—weighted parameter yh3.(1 + ﬁ)_l.

Remark 2.2. On a uniform mesh, the jump term j(p,q) (with s =2) can be seen as the
only remaining contribution from a discretization of h*A%p when applying the discontinuous
method proposed by Baker [1] to piece wise linear approzimations pn of p. In this sense
the method is related to that of Brezzi-Pitkdranta [6], where the corresponding stabilization
term can be seen as an approximation of h?>Ap.

Remark 2.3. A stabilization method for Stokes like the one proposed here has been inde-
pendently proposed by Becker €& Braack [3] as an example of a possible stabilization fitting
a theoretical framework quite different from ours. In [3] the main focus is on a conceptually
different stabilization method (local projections), however, and no numerical results with
the jump approach were presented.

Remark 2.4. The term penalizing the incompressibility condition is necessary only in the
case where v < h. This term is needed to give a ||h'/?V -u|| contribution to the triple norm
necessary to obtain optimal order estimates in the case of Darcy flow. However it should
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be noted that for v € H*(Q)) we may use the same jump operator for the pressure and the
velocity, hence stabilizing the jumps of the gradient (component wise for the velocities).
This will not affect the order of the a priori estimates but gives increased control of the
gradients at the cost of larger constants in the estimate.

Remark 2.5. The stabilizing Galerkin/Least-Squares (GLS) method in different guises has
been used extensively; for pioneering work in this direction, see, e.g., [6, 10, 13]. Howewver,
there is in GLS a decrease of accuracy close to the boundaries due to artificial pressure
boundary conditions, for which a number of remedies have been proposed, cf. [2, 9, 11].
Following the edge stabilization method, there is less degradation of accuracy close to the
boundary. See figure 1 and 2.

—_——s > > > > > —_—

e —_—

FIGURE 1. Mesh and computed velocity for Poiseuille flow

FIGURE 2. Brezzi-Pitkéranta (top) and edge stabilization (bottom) pressure isolines.
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3. THE INF-SUP CONDITION

For Stokes equation the essential feature of a stabilized method is the satisfaction of the
inf-sup condition. We introduce the triple norm

[l Cns o) I1Z = o llunll? + vl Vsl + cal 22V - unl| + ¢ |22V pul|* + pllpal1?,

where ¢4, ¢4, and ¢, are constants, depending on the material data, which will be defined
in the stability analysis below (cf. Remark 3.6). We also define the bilinear form

Al(u,p), (v, q)] == a(u,v) + b(p,v) — blg, u) + j(u,v) + j(p, ).

The stability of the method is obtained by the fact that the edge operator controls the
projection error of h*Vp,. This allows us to control ||h*/2Vpy||, which in its turn leads to
satisfaction of the inf-sup condition. We will for simplicity assume that hg is uniform so
that m,h*Vp, = h®1, Vpy,, where 7, is an interpolation operator to be defined later, and
that hy < 1 for all K. By {¢;} we denote the set of finite element basis functions spanning
the space Vj,. Let N; be the set of all triangles K* containing node ¢ and assume that the
cardinality of A; is bounded uniformly in i. Let Fx be the set of all test functions ; such
that K € supp ¢; and Q; = (J,, K. We will consider a function y € [Py(K)]?, and its
element wise representation in the finite element basis ¢ defined by

(3.1) il =yl Y e

i€FK
It follows that p = p everywhere except on elements adjacent to Dirichlet boundaries
where the boundary nodes are not included in the finite element space. We note that, with
y := Vpy, we wish to choose as our testfunction v = h*m,y to obtain after an integration
by parts
(3.2) b(pn, v) = [B°/2y|1* + (y, h*(mny — ),
and we wish to bound the projection error using the jump term. This cannot be done

exactly since 7,y must obey the boundary conditions, unlike y. However, (3.2) can equally
well be written (h%y,y) + (h®y, 7y — ), and if we can show that ¢||y||* < (y,9) we have

collh 2yl + (y, b (mny = 9)) < (v, h°G) + (y, b (my = 9),
and we can proceed to bound the second term on the left hand side in terms of the first
together with the jumps. Thus, we need:

Lemma 3.1. Suppose that K is an element with at least one node on a Dirichlet boundary
then

(3.3) Iyl =

where n; denotes the number of interior nodes of the element.

d+1

(Y, 9),

Proof. The proof is immediate noting that

- 1
) = bl |3 it = (),

1€EFK



6 ERIK BURMAN AND PETER HANSBO

O

We will now recall some results from [7] essential for the analysis. The stability argument
is based on the fact that the projection error of the gradient is controlled by the edge
stabilization term.

11525 — muy) I < Js(y,y)

Jyy) =) /aK h [y ds.

The operator m, : VQ, — Vj, which denotes the lowest order Clément operator is con-
structed as follows.

(3-4) ™Y = ) Ui
with

1
(35) Yi = m %:?/

We shall frequently use the following inequalities, which we collect in a Lemma.

with

Lemma 3.2. For the Clément operator there holds

(3.6) lmhullso < Cellullso,  Yu e H¥(Q),

for s =0,1. Further,

(3.7) |heNVmrpnll < Cillpnll,  Vpn € Q.

Finally, we have the trace inequality

(3.8) Il ox < Co( BRIl i+ rclioll ), Vo € HY(FK),

Proof. Inequality (3.6) follows from the interpolation estimate
|u — mhullso < cllullso,  s=0,1,
cf. [8], and (3.7) follows from (3.6) and the well known inverse inequality
(3.9) lvllie < Chtllvllok, Vv € Vi
Finally, a proof of (3.8) is given in [16]. O
In [7] we proved the following lemma.

Lemma 3.3. If y is some piecewise constant function, y is defined by (3.1) and my, is the
Clément interpolant on Vj,, then the edge stabilization term satisfies

(3.10) 172 (mny — D1 < o, y)
for some v > 9 > 0 independent of h but not of the mesh regularity.

Finally, we shall also need the following Lemma.



EDGE STABILIZATION FOR THE GENERALIZED STOKES PROBLEM 7

Lemma 3.4. Forv €V}, the jump operator fulfills

(3.11) (v, 0) 2 < CHVERV - o).

Proof. For each edge E shared by two elements K; and Kj, we have

9 2
/vlf“[v-v]?ds < Z/ PV ol s < Cy Y[RV - o,
E i=1 7 E

=1

by scaling. Summing over all edges gives the result. 0

Theorem 3.5. Suppose that either o > 1 or v > 1 and that s =1 when v < h and s = 2
when v > h then the formulation (2.3) satisfies the inf-sup condition

A (uhaph)a (U7 q>
Hmpll <o sup L 1
waevixan @)l

Proof. First we take (v, q) = (up, pr) to obtain

(3.12) Al(un, pr), (un, pn)] = ollunll® + v Vunll® + j(un, un) + j(pn, pr)-

By taking (v,q) = (m,(h*Vpy),0) we obtain the desired control of ||h*/?Vp,|| in the follow-
ing fashion. We have

Al(un, pn), (Ta (W Vpn), 0)] = o (un, ma(h*Vpn)) + v(Vun, Va(h*Vpn))
—(pn, V - (V1)) + J (un, m(h* V).
Estimating termwise, we have
(3.13) (oup, Th*Vpp) > —Coo2h32| oY 2| | h*/*Vpr|,

and

(vNVuy, Vr,h*Vpy) — [V 2V up|| |2V (7 h V)|

>
2 —Hz/l/?VuhHCiC’cylﬂHhs_1Vth.
Thus, for s = 2 we find

(3.14) (VVuy, VI h*Vpg) > — |02V, ||C;Co? || 22V py ||,
and for s = 1, i.e., the case v < h,
(3.15) (vVun, VIh*Vpg) > — |2V ||CiCe|| 2V pr) | = =02 V|| CiCL| |2V ||
Further,
(pn, V- mah*Vpn) = (h*Vp, 7V — Vi) + (B°Vps, Vi)

v

_ 1
(3.16) P2 pall [B 2w = Vpnll + S [V

A%

1252 + (d + DIA(Tp = T

A(d+1)
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where we used that ab < a?/4 + b* for real numbers a,b. Finally, using Lemmas 3.2 and
3.4,

. 1
3 (un, Th*Vip,) = Z— / VRN ] - [V - (m,h*Vpy)] dis
oK

1/2
3 (un, up)" Z / YRSV - (7 h* V)] ds)
oK
j(uh,uh)l/QC H'yl/QhSV (mrh*Vpp) ||
J(un, un) P CCil |y 2R Y py |
3(“/17 Uh)1/2030i0c71/2h(35_2)/2||h5/2vph||-

IA

(3.17)

VAN VAN

IN

Using (3.13) to (3.17), we deduce

31g) Al ), (i Tpn), 0] = | R2Vpn]* + (02Vpn, bV = V)
—Al(un, 0), (up, 0)]1/201 HhS/QVth,

where o = max(Cyo'/?h/2, C;C 1'%, C;C., C;C,C;C.~?h352)/2) We conclude that by
lemma 3.3 we have

(3.19)
1
Allen, ), (ma(h°V2), 0] > (1 — €1 = ader ) 117Vl = oAl ). ()
1

We now choose ¢; = and multiply by cye; to obtain

2(1+

(3.20) HhS/QV nll” — EA[(Umph% (un, pn)] < Al(un, pn), (coermn(h* V), 0)].

By the surjectivity of the divergence operator (see [12]) there exists v, € [H(Q)]¢ such
that V - v, = p, and ||v,|l1.0 < Cllpnl]. We now choose (v,q) = (m,v,,0) and use that
lpnll?> = (pr, V - v,) = 0 by the properties of v,. This gives

(321) lpall* = (pn, V - vp) + Al(n; i), (M1, 0)] = Ipall® + (pn, V - (w0, — v3))
+ o (up, Thvp) + v(Vun, Vav,) + 5 (un, 7hv,)

1
> (1 - O‘S‘E?)thHz + (ph7 V- (Trhvp - UP)) - 4_€2A[(uh7 0)7 (uh7 O)]?

with ay = max(c/2C.Cy, v1/2C.C}, C,C.Crh%/?41?), where we used the stability of the
Clément interpolation operator: |V - mpv,|| < Cllv,|l1,0 < Crllpnl|. We have also used the
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following lower bound on the stabilizing term

~ 1 ~ ~
.](uhu 7ThU;o) > —E—J (Uh, Uh) — €2] (Whvp,ﬂhvp)
2

> ——j(un, up) — 52C§V||hs/2v : whvp||2

1 ~ s
> —E—J(uh,uh) — &C2C2CTh ||pnll?
2

obtained by a scaling argument and the stability of the Clément operator. Focusing now on
the second term on the right hand side we obtain by partial integration and the properties
of v,.
(1, - (it — ) < PRV 29 2
€2 Cp€1
This leads to the following inequality for py,

9 EQCih(2_s) Cp€1

— -z 2 s/2 2
(3.22) (1= adea = = )lpull* = IRV

1
4—€2A[(Uh’ 0)7 (uh’ O)]

< Al(un, pn), (Trvy, 0)].
Choosing now €y = %cbel /(cpe103 + ¢;h?~*) and multiplying through by €; we have

Cpr€q

4

It remains to control ||h*/2V - uy||. We choose v = 0, ¢ = 7,h*V - uy, to obtain
Hhs/2V : Uh||2 + (hs/QV * Up, hs/2(7ThV s Up — AR Uh)) +j(ph, Whhsv : Uh)
= Al(un, pn), (0,7:h°V - up)].

€ 1
(323) Ll = RV — Al 0), (1, 0)] < Al(un, pr). (€m0, 0]

Arguing as before we find that

3 1 N N S S
Z||h5/2V . UhH2 — ”h5/2(7ThV s Up — V . Uh)||2 — E—j(ph,ph) — Eg](?Thh V . Uh,ﬂhh V . Uh)
3
< A[(Uh,ph)> (07 ﬂ-hv ' uh)]
Using now Lemma 3.4 followed by (3.7) we find

3s—2

j(ﬂ'hhSV'uh,ﬂ'hhSV'uh) < CgOf’y”h 2 V'Uth,

and we have (since h < 1)

3 ~ 1 . s
<Z - 6302037) 1152V g ||* = 5 (un, un) — E—J(ph,ph) < Al(un, pn), (0, TRV - uy)).
3

We fix €5 = and then multiply both sides with e, = (4 max(1, é))_1 resulting in

1
4C2Cy

1
(3.24) %Hhsmv | - ZA[(Umph), (un,pn)] < A[(un, pr), (0, e4mp R*V - up)].
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Summing equations (3.12), (3.20), (3.23) and (3.24) yields

1 €40, s Chel ||, s €
AL 1), (s )] + IRV g2+ 12V P+ 2

< A[(un, pn), (un + coermn(R*Vpy) + €m0y, P, + €4 RV - uy)].

Setting now, ¢4 = 2€4, ¢y = 2cp€; and ¢, = 25 we may write

1
lel(uh,ph)ll\2 < Al(un, pr), (un + cvermr, (R°Vpp) + e2mpvp, pr + €4V - wy)).

The thesis follows by noting that there exists some constant ¢ such that [[|(v,q)||] <
c|l[(un, pr)|||. By similar arguments as above there follows

l(csermn(R*Vpn), 0)[II> < C||B**Vpy >
I (e2mnvp, 0)[[1> < Cllpall?
and
10, e4mh*V - ) ||| < C|[RV - |2

where the constants C' depend on material data but not on h. The constant ¢ is in fact of
order unity under the condition ¢ > 1 or v > 1. OJ

Remark 3.6. The essential dependencies of the constants ¢4, ¢4 and c, are

1
o0 (max<a, u>)

Cqg ~ O(l)

4. A PRIORI ERROR ESTIMATES

A priori estimates are obtained in the standard fashion using

e stability
e consistency
e approximation.

The first point was handled in the previous section and we will now take care of the other
two, before proving our error estimates.
By definition of our method, we have the consistency condition.

Lemma 4.1. For (u,p) € [H*(Q)]*" there holds

A[(U — Unh, P — ph)> ('Uv Q)] = 07
for all (v,q) € VI x Q™.

In addition we have the following approximation property.

Lemma 4.2. Let (u,p) € [H*(Q)]? x H*(Q). Then we have

Ilu=mwe, p=mp)lll < C((2(cat22) 40" 2t /2) fullpo+ 52 max (cff2, cff2,7/2) pla.0).
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Proof. Using standard interpolation we obtain for the velocities
lu = mhullog < CR*lull20
IV(u = myu)lloe < Chljull20,

[1°/2V - (u — mu) o) < Ch'T2

and equivalently for the pressure

u||2,Qa

Ip — mhplloge < CR?||pll20,
|2V (p — mp)lo0 < Ch'2

Further, we have, using (3.8),
In- Vo —mp)l3ox < C(hE VD= mp) i

IV = 7)o eIV (0 = 7))

p||2,Q-

and it follows by summation that j(p—mup, p—map)'/? < Chl*2
clearly j(u — mpu, u — mu)Y/? < Ch*3

pll2.0- In the same fashion

ull2,.0.

0J
Theorem 4.3. If u € [H*(Q)]? and p € H*(Q) then the solution (un,pp) to (2.3) satisfies
(4.1)
[ (w—up, p—pn)||| < C’h(max (cqg + 71/2,0;1/2)H8+01/2h+ul/2)||u||2,Q+maX (051/2 cl/? 01/2,71/2)HSHpH279>‘

’Tg P
with H, = max(hs,h*z")

Proof. First of all we note that [||(uv — un,p — pp)|l| < ||[(v — 7hu,p — mp)||| + ||| (7o —
up, Thp — )|l By Theorem 3.5 we have

A _ _
(mnts = o mp — )| S ¢ sup ALY = U ThP — pn), (0,0
(v,9)EVE X Qp ‘H('Uv (1)H|
and, by Lemma 4.1,

A Tht — U, T - » \U,
(4.2) | (7pte — wn, T — po) | < sup [(7n W — D), (v, q)]
(v,0)€VixQn (v, @)

Writing out the terms in A[(mpu — u, mp — p), (v, q)] we obtain

A[(ﬂ-hu — U, Tpp — p)? (U7 Q)] = a(ﬂ-hu — U, U) +~b(7Thp - D, U)
_b(q7 Tht — U) + j(ﬂ—hp - D, Q) + j(ﬂ-hu —u, U)
=4+ + 100+ v + .
We bound the five terms as follows
i < [ (w =, 0)|] - || (v, 0)]]

—s

g s s d-s
ii < ||k (mp — p)|[|12V - vl| < ChF ¢, 2 [Iplla.olll (v, 0)]]
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and using integration by parts
iii = (h**Vq, k= (= myu)) < Oh'F ¢ [ull201(0, 9)|

w < [[1(0,p — map)|ll - €0, @),
and
v < |[[(u = mau, O)]] - []| (v, O[]
The Theorem follows by Lemma 4.2. U

Remark 4.4. Observe that the stabilizing terms j(pn, pr) and j(up, un) may be included in
the triple norm. This yields the following convergences of the jump terms

] ) 1/2
(36w 0) + Cun,w)) < Ch((H, + 02+ vV fulla + Hi o)

Let us comment briefly on the dependence on the constants in the above estimate. The
important point to notice is that there is no factor »=* or ¢! in the estimate. This is what
allows us to treat all viscous regimes. The main dependence are on max(c'/?,v'/?). It is
worthwhile to notice that when the viscosity becomes small the optimal choice is s = 1
giving O(h%?) convergence of the error in the L?-norm for both the velocities and the
pressure and O(h) convergence of the pressure in the H'-norm and of the velocities in the
H g4jy norm.

4.1. The Stokes problem. For the Stokes system it is unnatural to assume that p belongs
to H?(2). Thus, below we prove that some classical finite element results for the Stokes
problem hold also for our method, namely,

e convergence in the triple norm, assuming only p € H'(Q)
e optimal convergence in the L?-norm for the velocities.

Below we always take s = 2 and we omit the jump term j(us,v) stabilizing the incom-
pressibility condition.

Corollary 4.5. If the solution to the continuous problem has the reqularity u € [H?(£2)]¢
and p € H'(Q) then the solution (up,py) to (2.8) satisfies

(43) li(w = wop = )l < Ch(l[ullz0+ 1Pl

Proof. The proof is very similar to the proof of Theorem 4.3, but has to be modified to
account for the loss of Galerkin orthogonality. Equation (4.2) now becomes

AC - % - ) ) ‘ )
1) lmu—ummp—pll < sup  2emewmp—p), ©. @) +j(mp.q)
(0.0)EVixQ, (v, @)l

with the consistent part A.[(myu — u, mp — p), (v,q)] = a(mpu — u,v) + b(mTp — p,v) —
b(q, mpu — u). We have that
b(map — p,v) < |lmnp = pll [vllLe < llmwp — pI [ (0, 0)[I] < Rllpll1e (I[(v, )],

and
b(q, mhu — u) < |[[(0, Q[ [V - (mru — w)[| < [[[(0, )| hllull2,0-
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We end the proof by noting that
J(mnp, q) < C j(mup, mip) 210, @) |l] < CZ/@ vh*[Vmplds || (0, ¢)|
7 Jok

and that, by a scaling argument and the stability of the Clément interpolant
(4.5) Z h3 [V,p)?ds < C||h2Vmup||? < C||h*Vp|>.

0
Corollary 4.6. Ifu € [H*()]¢ and p € H'(Q) then the solution (un,py) to (2.3) satisfies
3oy pn) < elll(mau — up, mp — pa)llI* + CR?pll] .
Proof. The proof is immediate noting that
J(Pror) = §(pn — Thp + Thp, P — ThP + ThP) < J(Pr — ThP, PR — TP) + J (TP, THD)

where we now apply a scaling argument and an inverse inequality in the first term to obtain

3(pon = 7hp, ph — mhp) < ||| (mhu — wp, T — pa) ||

and we conclude using equation (4.5). O

We now proceed to prove an L2—error estimates for the velocities in the case of the Stokes
equations. We introduce the following dual problem, find (¢,7) € V' x @Q such that

(4.6) a(v, ) + blg, p) = b(r,v) = (n,v), V(v,q) €V X Q,
and assume that the solution enjoys the additional regularity
(4.7) lellse + lIrlie < Clinll?,

valid if the boundary is sufficiently smooth, cf. [12]. We now prove the Lo—error estimate
in the case when v > h.

Theorem 4.7. If u € [H*()]? and p € H*(Q) is the solution to the Stokes problem and
(un, pr) the solution to (2.3), then we have

lu = unll < CR*([[ull20 + llpll10)
Proof. Choosing n = v =u — uy, ¢ = 0 in (4.6) gives
In11* = a(n, ¢) — b(r,n)

and by Galerkin orthongonality, setting ¢ = p — py,

10l = a(n, o — m) + b(r — mr,m) — b(¢, ¢ — The) + j(pr, THr)

=4+ 10 + 1t + .
The terms are bounded in the following fashion.
i < 1, Ol — 7, Il < CR?[[]l2.0,
it < [, )l = mrll < CH?[I7 |10,
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iti <10, OV - (¢ = mp) | < CR*[[@lla,
and finally we bound the residual part using corollary 4.6 and equation (4.5)

(ons ) < Glpns pn) g (e, mer) P < CR2 e 0.
We conclude using the regularity assumption on the dual problem (4.7). 0

5. NUMERICAL EXAMPLES

In this section we will show the performance of our method on two academic examples
with known solution. Since we are dealing with the generalized Stokes’ problem we consider
the classical Stokes’ equations on the one hand with ¥ = 1 and ¢ = 0 and, on the other
hand, the Darcy’s equations, with v = 0 and o = 1.

5.1. Stokes’ problem. We consider the unit square with exact flow solution (from [15])
given by u = (20z 3%, 52*—5y*) and p = 60 2%y — 20 y>+ C. Imposing zero mean pressure
(C' = —5), we obtain the convergence shown in Figure 3; second order for the velocity and
the pressure in Ly—norm.

—e—  Velocity
-1k o Pressure ©

log(L Z-error)

2 0 1 2

log('h)

FIGURE 3. Ls-norm convergence of the velocity and of the pressure for
Stokes.

Pressure isolines and velocity vectors on the final mesh in the sequence used to obtain
the convergence plot are shown in Figures 4.

5.2. Darcy’s problem. The second numerical example, taken from [14], is a study of
convergence rates for Darcy flow. The domain under consideration is the unit square with a
given exact pressure solution p = sin 27 x sin 27 y. The exact velocity field is then computed
from Darcy’s law to give boundary conditions and a source term for the divergence. In
order to create a unique pressure field we also impose zero mean pressure.
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)

FIGURE 4. Approximate velocity field and pressure on the final mesh in a sequence

In Figure 5
sequence. In Figure 6, we show the convergence of the method in the L,—norm, which

yields second order accuracy for the velocities and the pressure.
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0) the convergence

Numerical experimentation indicates that even on this simple example another choice
than s = 1 will give poorer convergence properties. In particular if the stabilization of the

incompressibility condition is left out the convergence of the error in the velocities is of

order h*/2. If, on the other hand, this term becomes too dominant (s

FIGURE 5. Approximate velocity field and pressure on the final mesh in a sequence.
of the error in the pressure is of order h%/2.
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FIGURE 6. Ly-norm convergence of the velocity and of the pressure for Darcy.

6. CONCLUDING REMARKS

We have suggested the use of derivative jump stabilization for P1P1-approximations of
the generalized Stokes problem. We show optimal convergence for the pure Stokes case and
near optimal (with a loss of one half power of h) in the case of the pure Darcy problem.

Our method has some decisive benefits: mass lumping is possible (unlike in the case of
SUPG-type schemes) which is useful for extensions involving time stepping and stiff source
terms. No additional unknowns are added, no special structure on the mesh is assumed.
Finally, numerical evidence shows that no boundary layers appear in the pressures.

1]
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