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MULTI-ADAPTIVE GALERKIN METHODS FOR ODES III:
EXISTENCE AND STABILITY

ANDERS LOGG

ABSTRACT. We prove existence and stability of solutions for the multi-adaptive Galerkin
methods mcG(g) and mdG(g), and their dual versions mcG(g)* and mdG(g)*, including
strong stability estimates for parabolic problems. This paper is the third in a series
devoted to multi-adaptive Galerkin methods. In the companion paper [7], we return to
the a priori error analysis of the multi-adaptive methods. The stability estimates derived
in this paper will then be essential.

1. INTRODUCTION

This is part III in a sequence of papers [4, 5] on multi-adaptive Galerkin methods,
mcG(q) and mdG(q), for approximate (numerical) solution of ODEs of the form

u(t) = f(u(t)vt>a le (07T]>
(1.1) u(0) = up,

where u : [0, 7] — RY is the solution to be computed, ug € RY a given initial condition,
T > 0 a given final time, and f : RY x (0,7] — RY a given function that is Lipschitz-
continuous in u and bounded.

The mcG(q) and mdG(g) methods are based on piecewise polynomial approximation of
degree ¢ on partitions in time with time steps which may vary for different components
Ui(t) of the approximate solution U(t) of (1.1). In part I and II of our series on multi-
adaptive Galerkin methods, we prove a posteriori error estimates, through which the time
steps are adaptively determined from residual feed-back and stability information, obtained
by solving a dual linearized problem. In this paper, we prove existence and stability of
discrete solutions, which we later use together with special interpolation estimates to prove
a priori error estimates for the meG(q) and mdG(g) methods in part IV [7].

1.1. Notation. For a detailed presentation of the multi-adaptive methods, we refer to
[4, 5]. Here, we only give a quick overview of the notation: Each component U(t), i =
1,..., N, of the approximate m(c/d)G(q) solution U(t) of (1.1) is a piecewise polynomial
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2 ANDERS LOGG

on a partition of (0,7 into M; subintervals. Subinterval j for component i is denoted
by Ii; = (tij—1,ti;], and the length of the subinterval is given by the local time step
kij = tij — t;;-1. This is illustrated in Figure 1. On each subinterval I;;, Uils,; is a
polynomial of degree ¢;; and we refer to (I;;, Ui|1,;) as an element.

Furthermore, we shall assume that the interval (0, 7] is partitioned into blocks between
certain synchronized time levels 0 = Ty < 1771 < ... < Ty = T. We refer to the set of
intervals 7,, between two synchronized time levels T,,_; and T,, as a time slab:

Ty ={1Lj: Ty <ti;1 <ty <T,}.

We denote the length of a time slab by K,, = T,, — T,,_1. We also refer to the entire
collection of intervals I;; as the partition 7.

FIGURE 1. Individual partitions of the interval (0,77 for different compo-
nents. Elements between common synchronized time levels are organized in
time slabs. In this example, we have N = 6 and M = 4.

1.2. Outline of the paper. The first part of this paper is devoted to proving existence of
solutions for the multi-adaptive methods mcG(q) and mdG(q), including the dual methods
mcG(q)* and mdG(q)* obtained by interchanging trial and test spaces, by proving (rele-
vant) fixed point iterations assuming the time steps are sufficiently small. The proof is
constructive and mimics the actual implementation of the methods. The multi-adaptive
ODE-solver Tanganyika, presented in [5], thus repeats the proof of existence each time it
computes a new solution.

In the second part of this paper, we prove stability estimates, including general exponen-
tial estimates for meG(q), mdG(q), mcG(q)*, and mdG(q)*, and strong stability estimates
for parabolic problems for the mdG(g) and mdG(q)* methods.
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2. MULTI-ADAPTIVE (GALERKIN AND MULTI-ADAPTIVE DUAL (GALERKIN

2.1. Multi-adaptive continuous Galerkin, mcG(q). To formulate the mcG(g) method,
we define the trial space V and the test space V as

2.1) vV ={velc(o, )" Phi(l;), g=1,...,M;, i=1,...,N},

' V={v: vilr,; € P~ ( ) j=1,. Mi,zzl,...,N},

where P4(I) denotes the linear space of polynomials of degree ¢ on an interval I. In other
words, V' is the space of continuous piecewise polynomials of degree ¢ = ¢;(t) = ¢;; >
1, t € I;;, on the partition 7, and V is the space of (possibly discontinuous) piecewise
polynomials of degree ¢ — 1 on the same partition.

We now define the meG(g) method for (1.1) in the following way: Find U € V with
U(0) = uyg, such that

(2.2) /OT(U,U) dt = /OT(f(U,-),v) dt YwevV,

where (-, ) denotes the RY inner product. If now for each local interval I;; we take v, = 0
when n # i and v;(t) = 0 when ¢ & I;;, we can rewrite the global problem (2.2) as a
sequence of successive local problems for each component: For:=1,... . N, j=1,..., M,,
find Uy, € P9 (I;;) with U;(t; ;1) given, such that

(2.3) /Uvdt /fZ Judt Yo € PETHIL),

where the initial condition is specified for i = 1,..., N by U;(0) = u;(0).
We define the residual R of the approximate solutlon U by Ri(U,t) = Us(t) — f;(U(t),1).
In terms of the residual, we can rewrite (2.3) as

(2.4) /R Jodt =0 Vo e Pu\ (L),

that is, the residual is orthogonal to the test space on each local interval. We refer to (2.4)
as the Galerkin orthogonality of the mcG(q) method.

2.2. Multi-adaptive discontinuous Galerkin, mdG(g). For the mdG(q) method, we
define the trial and test spaces by

(2.5) V=V={v:uy Phi(l;), g=1,...,M;, i=1,...,N},

that is, both trial and test functlons are (possibly dlscontinuous) piecewise polynomials of
degree ¢ = ¢;(t) = ¢;; > 0, t € I;;, on the partition 7. We define the mdG(q) solution
U €V to be left-continuous.

We now define the mdG(q) method for (1.1) in the following way, similar to the definition
of the continuous method: Find U € V with U(0~) = ug, such that

(2.6) Z Z

=1 j5=1

T
zz] lvz 7,] 1)+/ Uzvzdt :/ (f(U7)7U)dt VU€V>
I; 0

ij
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where [U];j—1 = Us(t;;_,) — Us(t;;_,) denotes the jump in U;(t) across the node t = t;;_;.
The mdG(q) method in local form, corresponding to (2.3), reads: For ¢ = 1,..., N,
j = 1, e Mi, find Ui|1¢j € Paii (IZ]) such that

(2.7) [Ui]i,j—lv(ti,j_l)—i-/ Uvdt / fi(U, Yvdt Vv € PUi(1;),

where the initial condition is specified for i = 1,..., N by U;(07) = u;(0).

In the same way as for the continuous method, we define the residual R of the approxi-
mate solution U by R;(U,t) = U;(t) — f;(U(t),t), defined on the inner of each local interval
I;j, and rewrite (2.7) in the form

(28) [Ui]i,j—lv(t:j—l) + / RZ(U, ')U dt=0 Vv e Pqij ([m)
We refer to (2.8) as the Galerkin orthogonality of the mdG(q) method. Note that the
residual has two parts: one interior part R; and the jump term [U;]; ;1.

2.3. The dual problem. The motivation for introducing the dual problem is for the a
priori or a posteriori error analysis of the multi-adaptive methods. For the a posteriori
analysis, we formulate a continuous dual problem [4]. For the a priori analysis [7], we
formulate a discrete dual problem in terms of the dual multi-adaptive methods mcG(q)*
and mdG(q)*.

The discrete dual solution ® : [0,7] — R¥ is a Galerkin approximation of the exact
solution ¢ : [0, 7] — RY of the continuous dual backward problem

—o(t) = J " (mu, U, t)o(t) + g(t), t€[0,T),
O(T) =1,

where 7u is an interpolant or a projection of the exact solution u of (1.1), g : [0,7] — RY
is a given function, v € R is a given initial condition, and

(2.9)

-
(2.10) J " (7w, U, t) (/ u (smu(t) + (1 —s)U(t),t) ds) ,

u
that is, an appropriate mean value of the transpose of the Jacobian of the right-hand side
f(-,t) evaluated at wu(t) and U(t). Note that by the chain rule, we have
(2.11) J(mu, U, (U — 7u) = f(U,-) — f(mu,-).

2.4. Multi-adaptive dual continuous Galerkin, mcG(g)*. In the formulation of the
dual method of mcG(g), we interchange the trial and test spaces of mcG(g). With the

same definitions of V and V as in (2.1), we thus define the mcG(g)* method for (2.9) in
the following way: Find ® € V with ®(T") = ¢, such that

(2.12) /0 (0, ®) dit /0 (J (7w, U, Yo, @) + Ly, (0),
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for all v € V' with v(0) = 0, where

(2.13) L) = ((T), ) + / (v,g)dt.

Notice the extra condition that the test functions should vanish at t = 0, which is intro-
duced to make the dimension of the test space equal to the dimension of the trial space.
Integrating by parts, (2.12) can alternatively be expressed in the form

(2.14) ZZ[ O, (ti /1

=1 j=1 iJ

T
d;v; dt] = / (J " (mu, U, )® + g,v) dt.
0

2.5. Multi-adaptive dual discontinuous Galerkin, mdG(q)*. Interchanging trial and
test spaces does not make any difference for the discontinuous method since the trial and
test spaces are identical. With the same definitions of V and V as in (2.5), we define the
mdG(¢)* method for (2.9) in the following way: Find ® € V with ®(T+) = 4, such that

(2.15) ZZ [UZ ij—1Di(t ” )+ /1 0;D; dt] _ /OT(J(WU, U, v, ®)dt + Ly 4(v),

for all v € V with v(07) = 0. Integrating by parts, (2.15) can alternatively be expressed
in the form

(2.16) i 3 [ it /

i=1 j=1 ij

T
d,v; dt] :/ (J " (ru, U, )® + g,v) dt.
0

3. EXISTENCE OF SOLUTIONS

To prove existence of the discrete meG(gq), mdG(q), mcG(q)*, and mdG(q)* solutions
defined in the previous section, we formulate fixed point iterations for the construction of
solutions. Existence then follows from the Banach fixed point theorem, if the time steps
are sufficiently small. The proof is thus constructive and gives a method for computing
solutions (see [5]).

3.1. Multi-adaptive Galerkin in fixed point form. We start by proving the following
simple lemma.

Lemma 3.1. Let A be a d X d matriz with elements A = ﬁ, and let B be a d x d
matriz with elements By, = 1, for m,n = ,d. Then, det A # 0 and det B # 0.

Proof. To prove that A is nonsingular, we let p(t) = Zizl x,nt" ! be a polynomial of
degree d —1 on [0,1]. If for m = 1,...,d, we have folp(t)tm_l dt = 0, it follows that p = 0.
Thus, Zn | Tne— = 0 for m =1,...,d implies = 0, which proves that det A # 0. To
prove that B is nonsingular, let again p(t) = Zizl xont" L If for m = 1,...,d we have
fol p(t)t™dt = 0, take ¢(t) = Zﬁz:l Ymt™, such that p and ¢ have the same zeros on [0, 1]
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and pg > 0. Then, fol pqdt =0 but pg > 0 on [0,1] and so p = 0. Thus, > =0

n=1 x”mL-}-n
for m =1,...,d implies x = 0, which proves that det B # 0.

To rewrite the methods in explicit fixed point form, we introduce a simple basis for the
trial and test spaces and solve for the degrees of freedom on each local interval.

Lemma 3.2. The mcG(q) method for (1.1) in fized point form reads: Fori =1,...,N,
j=1,..., M, find {&;n}2,, such that

(3.1) iin = &ijo +/ w[q” (13, (N fi(U(t), t) dt,
I;;
with
Eiio = { fiv]'—l#li,jfw J>1,
o ul(0)7 J = 17

where {wN % paui=1(]0, 1)), wl;j;ﬂ = 1, and 7;(t) = (t — ti;1)/(ty; — tij_1). A
component U;(t) of the solution is given on I;; by

qij

Z 52]11 TZ] )

where {Aq[é“ﬂ}iio C P%i([0,1)) is the standard Lagrange basis on [0,1] witht =0 and t = 1
as two of its ¢;; + 1 > 2 nodal points.

Proof. Our starting point is the local formulation (2.3). Dropping indices for ease of
notation and rescaling to the interval [0, 1], we have

1 1
/Uvdt:/ fodt Yo e Pr(0,1]),
0 0

with U € P4([0,1]). Let now {)\ _o be a basis for P?([0,1]). In terms of this basis, we
have U(t) =7, &A1), and so

Zgn/ l\la=1) gy — /f)\[q Uat, m=0,...,q—1.

Since the solution is continuous, the value at ¢ = 0 is known from the previous interval (or
from the initial condition). This gives

Z Sn 607

if we assume that AY(0) = dy,. The remaining ¢ degrees of freedom are then determined

by
an/ e dt = / Ay s/qu]AL?;lﬂdt, m=1,....q.
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If det (fo Al yla— dt) # 0, this system can be solved for the degrees of freedom (1, . .., &,).
With A (t) = t", we have

1 1
det ( / Al yl2 dt) = det < / nnmel dt) — det <L) £0,
0 0 m+n—1

by Lemma 3.1. Solving for (&1,...,&,), we obtain
1
§n:a,[§]§o+/ wdfdt, n=1,...,q,
0

for some constants {a?}?_,, where {wl@}!_ Pq l([0 1]) and & is determined from

the continuity requirement. For any other basis {)\ _ with Al (0) = don, we obtain a
similar expression for the degrees of freedom by a hnear transformation. In particular, let

{Agﬂ 7_, be the Lagrange basis functions for a partition of [0, 1] with ¢ = 0 as a nodal
point. For f = 0 it is easy to see that the mcG(q) solution is constant and equal to its

initial value. It follows that o!? =1, n =1,...,¢, and so
1
§n:fo+/ widfdt, n=1,...4q,
0

with U(1) = &, if also ¢ = 1 is a nodal point. To see that wl =1, take v =1 in (2.3). The
result now follows by rescaling to I;;. OJ

Lemma 3.3. The mdG(q) method for (1.1) in fizved point form reads: Fori =1,..., N,
j=1,..., M, find {&;n}2,, such that

(32 €m =0+ [ Wl (, 0

with

6_ = €i7j_l7qi,jfl7 ] > 17
150 UZ(O), ] = ]‘7

where {wn”]}q”o C P%i([0,1)), w([fff] =1, and 7;;(t) = (t—tij—1)/(tij—tij—1). A component
Ui(t) of the solution is given on I;; by

qij

Ui(t) = Y &Nt (m5(1)),

n=0

where {)\L?” % P ([0,1]) is the standard Lagrange basis on [0,1] with t = 1 as one of
its ¢ij + 1 > 1 nodal points.

Proof. In as similar way as in the proof of Lemma 3.2, we use (2.7) to obtain

1
(& — & )A(0 +an/ nAﬁ;ﬁdt:/fALg}dt, m=0,...,q
0
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With ALY (t) =t", these 1 + ¢ equations can be written in the form

q 1 1
§O+Z§n/ nt"tdt = /fdt+£0‘,
n=1 0 0
q 1 1
Zgn/ nt" At = /ftmdt, m=1,....q,
0 0

which by Lemma 3.1 has a solution, since
! n
det (/ nt" dt) = det ( ) £ 0.
0 m+n

1
0

We thus obtain

By the same argument as in the proof of Lemma 3.2, we conclude that when {)\[q]}n o 18
the Lagrange basis for a partition of [0, 1], we have

1
§n:§0‘+/ wdfdt, n=0,...4q,
0

with U(1) =&, =&, + fol fdtif t =1 is a nodal point. The result now follows by rescaling
to Im O

Lemma 3.4. The mcG(q)* method for (2.9) in fized point form reads: Fori=1,...,N
Jj=M;...,1, find {&jn Ziial, such that

)

(3.3) Eijn = i + / fH(®, ) dt + / Wl (15(8)) f1(D(t), 1) dt,

where f*(®,) = JT (7w, U, )® + g, {wl”! w b e P ([0, 1]), w9 (0) = 0, wi¥(1) = 1,
n=0,...,¢; — 1, and 7;(t) = (t — tw_l)/(tlj tij—1). A component ®;(t) of the solution
is given on I;; by

qij—1

(1) = > &GnAE N (m; (1),

where {/\l?”‘”}i”gl C Pui=1([0,1]) is the standard Lagrange basis on [0, 1].

Proof. Our starting point is the definition (2.14). For any 1 < i < N, take v, = 0 when
n # i and let v; be a continuous piecewise polynomial that vanishes on [0,¢; ;_1] with v; = 1
on [t;;,T], see Figure 3.4. With f*(®,) = J ' (wu, U, -)® + g, we then have

M;

> {_[@]ﬂvz( i) — / D0, dt} /” 1 (@, v, dt.

I=j
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We integrate by parts, moving the derivative onto the test function, to get

_[(I)i]ilvi(til)_/ D dt = —[D;]qvi(ta) — [P Uz] / O, 0; dt
I ” ! Iy

= (I)i(t;:l_l)vi(ti,l—1> — q)z(t;)vz(tzl) —|—/ CI)ZUZ dt.

Iy

Summing up, noting that v;(¢;;-1) =0, ¥; = 0 on [t;;, T] and @Z(tj\%) = 1);, we have

T
I;; ti i

or |
/ O;0; dt = <I>U—i—/ f5(®, ), dt,
Ii;
with @] v + ft -)dt. Dropping indices and rescaling to the interval [0, 1], w
obtain X
/ dv dt = / frudt,

0
for all v € P([0,1]) with U(O) 0 and v(1) = 1. Let now {A 37 be a basis of
P11([0,1]) and write ®(t) = D 1 &N Ao~ 1]( t). For m=1,...,q, we then have

q 1 1
Zgn/ )\,[f__ll](t)mtm_ldt:(f)(l)+/ fremdt.
n=1 0 0

If now det <f0 A ()ymgm=1 dt) £ 0, we can solve for (&1,...,&,). With A7 () = 1,

n—

we have

1 1
det (/ A ymem ! dt) = det (/ mt”_ltm_ldt) = det (L) # 0,
0 0 m+n—1

by Lemma 3.1. Solving for the degrees of freedom, we obtain

1
§n:oz£?}<1>(1)+/w,[f]f*dt, n=1,...,q.

0

By a linear transformation, we obtain a similar expression for any other basis of P([0, 1]).
For f* =0, it is easy to see that the mcG(q)* solution is constant and equal to its initial

value. Thus, when {)\[T?_l]}z;% is the standard Lagrange basis for a partition of [0, 1], it
follows that ol = 1,n=1,...,q, and so

1
§n:<i>(1)+/ wddt, n=1,...4q.
0

We note that wq[{ﬂ(O) =0,n =1,...,q, since each w'? is a linear combination of the

functions {t™}Z _,. We also conclude that w[q](l) =1, since wq[{ﬂ(l) —al=1n=1,...4q
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The result now follows by rescaling to I;;. We also relabel the degrees of freedom from

(&1, -+, &g) t0 (&0, -5 §g1)- 0

0 tij—1 tij T

FIGURE 2. The special choice of test function used in the proof of Lemma 3.4.

Lemma 3.5. The mdG(q)* method for (2.9) in fized point form reads: Fori=1,...,N,
j=M,..., 1, find {&;n}2,, such that

34 Gin = G, + [ 0l 07 00, 0)

ij
with

4 (I J =M,

where f*(®,) = JT (ru,U,)® + g, {wi}22, < Pi([0,1]), and 7;(t) = (t— ti;-1)/ (L —
tij—1). A component ®;(t) of the solution is given on I;; by

+ { Szg—i—lOa .7 <MZ>

qij

Z S’L] n TZ] )

where {/\L‘L]” 7y C P ([0,1]) is the standard Lagrange basis on [0,1] with t = 0 as one of
its ¢;j + 1 > 1 nodal points.

Proof. The mdG(q)* method is identical to the mdG(q) method with time reversed. [

Corollary 3.1. Let 7, be a time slab with synchronized time levels T,,_1 and T,,. With time
reversed for the dual methods (to simplify the notation), the mcG(q), mdG(q), mcG(q)*,
and mdG(q)* methods can all be expressed in the form: For all 1;; € Ty, find {&;jn}, such
that

(3.5) € = U <:o+/”1muoﬁ+/uww (AU, dt.

Ty 1 I
with a suitable definition of Uy(T,,_,). As before, 7i;(t) = (t—ti;_1)/(tij—ti;j—1) and {w[q” }
is a set of polynomial weight functions on [0, 1].

Proof. For meG(q), mdG(q), and mdG(q)*, the result follows if we take U (T, ;) = U(T;,)
and note that w¥ = 1. For mcG(q)*, the result follows if we define U(T,) = u;(0) +
Sy fi(UL) dt. O
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3.2. Fixed point iteration. We now prove that for each of the four methods, mcG(q),
mdG(q), mcG(q)*, and mdG(q)*, the fixed point iterations of Corollary 3.1 converge, prov-
ing existence of the discrete solutions.

Theorem 3.1. (Existence of solutions) Let K = max K,, be the mazimum time slab length
and define the Lipschitz constant Ly > 0 by

(3.6) 1f(2.t) = f(y: Ol < Lgllz = yllie YVt €[0,T] Y,y € RY.
If now
(3.7) KC,Ly <1,

where Cy is a constant of moderate size, depending only on the order and method, then each
of the fized point iterations, (3.1), (3.2), (3.3), and (3.4), converge to the unique solution
of (2.2), (2.6), (2.12), and (2.15), respectively.

Proof. Let © = (..., &jn, . ..) be the set of values for the degrees of freedom of U() on the
time slab 7,, of length K,, = T,, — T,,_1 < K. Then, by Corollary 3.1, we can write the
fixed point iteration on the time slab in the form

_ tij—1

€in = gon(e) = UL )+ [ AU de+ [ ol () 50 ) e

Th-1 I

Let V(t) be another trial space function on the time slab with degrees of freedom y =
(.- Mijns---). Then,

Gign() — Girmly) = / U — RV dE / Wl s (D) (U, ) — f(V2)) dt,

Th-1 ij

and so

lg(z) =9l < CLf/ U - V)l dt < CLiE sup [U(1) = V(D)o

Tn— (Tnf 1 7Tn]

Noting now that
Ui(t) = V(D) < D [&in — mipnl NI (B)] < C'|2 =y,

for t € I;;, we thus obtain
l9(z) = 9(W)lli < CC"LiK ||z = yll1oc-

By Banach’s fixed point theorem, we conclude that the fixed point iteration converges to
a unique fixed point if CC'LK < 1. O
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4. STABILITY ESTIMATES

In this section, we prove stability estimates for the multi-adaptive methods and the
corresponding multi-adaptive dual methods. We consider the linear model problem

u(t) + A(t)u(t) =0, te(0,7],
u(0) = uy,

where A = A(t) is a piecewise smooth N x N matrix on (0, 7]. The dual backward problem
of (4.1) for ¢ = ¢(t) is then given by

—o(t) + AT(t)e(t) =0, te[0,T),
)

(4.1)

(42) o(T) = v.

With w(t) = ¢(T —t), we have 1w (t) = —¢(T —t) = —AT(T — t)w(t), and so (4.2) can be
written as a forward problem for w in the form

W(t) + Bw(t) =0, te(0,T],

w(0) = wy,

(4.3)

where wy = 1 and B(t) = AT(T —t). In the following discussion, w represents either u or
¢(T — -) and, correspondingly, W represents either the discrete me/dG(g) approximation
U of u or the discrete mc/dG(q)* approximation ® of ¢.

4.1. Exponential stability estimates. The stability estimates are based on the following
version of the discrete Gronwall inequality:.

Lemma 4.1. (A discrete Gronwall inequality) Assume that z,a : N — R are non-negative,
a(m) <1/2 for all m, and z(n) < C+>_" _ a(m)z(m) for all n. Then, forn=1,2,...,
we have

(4.4) z(n) <2Cexp (Z_: 2a(m)> :

m=1
Proof. By a standard discrete Gronwall inequality, we have z(n) < Cexp (an_:lo a(m)),
if z(n) < C 4+ " a(m)z(m) for n > 1 and 2(0) < C, see [8]. Here, (1 — a(n))z(n) <
C+ Y"1 a(m)z(m), and so z(n) < 2C + 3-"! 2a(m)z(m), since 1 — a(n) > 1/2. The
result now follows if we take a(0) = z(0) = 0. O

Theorem 4.1. (Stability estimate) Let W be the mcG(q), mdG(q), meG(q)*, or mdG(q)*
solution of (4.3). Then, there is a constant C, of moderate size, depending only on the
highest order max g;;, such that if

(45) Kan||B||LOO([Tn717TnLlp) S 17 n = 17 tt M7
then

n—1
(4.6) W Lo (Ter ) < Collwolls, exp <Z KquHBHLm([Tm1,Tm],lp)> :
m=1
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form=1,... M, 1<p<o0.

Proof. By Corollary 3.1, we can write the meG(q), mdG(q), mcG(q)*, and mdG(q)* meth-
ods in the form

ti’j_l ..
oo =0+ [ ROV de+ [0l @) 50V dr
0 I
Applied to the linear model problem (4.3), we have

tij—1
Eiimr = w;(0) — / (BW); dt — / w7 (1) (BW); dt,
0 I

and so

Ciim| < wi(0)] +

tij—1
/ (BW), dt' 4
0

/[ Wl (73 (£)) (BW), it

ij

tij Th
< |wi(0)|—|—C'/ |(BW)Z-|dt§|wZ-(O)|+C/ (BW),| dt,
0 0

where T, is smallest synchronized time level for which ¢;; <T,,. It now follows that for all
t € [Tn-1,T,], we have |W;(t)] < Clw;(0)] + C [, [(BW);| dt, and so

Tr n T
WOl < Cllwoll, + C / |BW |, dt = Clluoly, + €3 / |BW |, dt.
0 m=1"Tm—1
With W, = [|W|| L (1,1, 7,), this means that

m=1

= (Co/2) ol + 3 Kl Co/2) Bl i Won:
m=1
By assumption, K, Cy|| B[ Lo (171, Tl1,) < 1 for all m, and so the result follows by Lemma
4.1. 0J

4.2. Stability estimates for parabolic problems. We consider now the parabolic model
problem 4(t) + Au(t) = 0, with A a symmetric, positive semidefinite, and constant N x N
matrix, and prove stability estimates for the mdG(q) and mdG(q)* methods. As before,
we write the problem in the form (4.3), and note that B = A = A". We thus consider the

problem: Find w : [0, 7] — RY, such that
47) w(t) + Aw(t) =0, te(0,7T],
(4. w(0) = wy.

For the continuous problem (4.7), we have the following standard strong stability es-
timates, where “strong” indicates control of Aw (or w) in terms of (the ly-norm of) the
initial data wyg.
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Theorem 4.2. (Strong stability for the continuous problem) The solution w of (4.7)

satisfies for T >0 and 0 < e <T with || - || = - ||i,
T
(45) DI +2 [ (A, w) e = ol
T 1
(4.9 | thaw?ae < S,
0
T 1
(4.10) | 1wl de < 5 log(T/€))" ]

Proof. Multiply (4.7) with v = w, v = tAw, and v = t? A%w, respectively. See [2] for a full
proof. O

We now prove an extension to multi-adaptive time-stepping of the strong stability esti-
mate Lemma 6.1 in [1]. See also Lemma 1 in [3] for a similar estimate. In the proof, we
use a special interpolant 7, defined on the partition 7 as follows. On each local interval,
the component (7y); of the interpolant 7y of a given function ¢ : [0, 7] — RY | is defined

by the following conditions: (my;)|s,, € P% (I;;) interpolates @; at the left end-point ¢;7;

of I;; and mp; — ; is orthogonal to P%~1(1;;). (This is the interpolant denoted by qué* in
[6].) We also introduce the left-continuous piecewise constant function ¢ = #(t) defined by
t(t) = ming;{t;; : t < t;;}. With {¢,,,} the ordered sequence of individual time levels {¢;;},
as illustrated in Figure 3, ¢ = £(¢) is thus the piecewise constant function that takes the
value t,, on (t;,_1,t,]. We make the following assumption on the partition 7 :

Th T
(4.11) Tn_l/ (Av, A) dtgy/ (Av, (fAv)) dt, n =2, M.

Tn_1 Tn—l

for all functions v in the trial (and test) space V' of the mdG(gq) and mdG(q)* methods,
where v > 1 is a constant of moderate size if Av is not close to being orthogonal to V. In
the case of equal time steps for all components, this estimate is trivially true, because then
mAv = Av since Av € V if v € V. Note that we may computationally test the validity of
(4.11), see [7].

Theorem 4.3. (Strong stability for the discrete problem) Let W be the mdG(q) or mdG(q)*
solution of (4.7), computed with the same time step and order for all components on the
first time slab T;. Assume that (4.11) holds and that oK, < T, 1, n=2,..., M, for some
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constant o > 1. Then, there is a constant C = C(q,~y,0), such that

N M,

(412 W+ [ A w3 I =
0 i=1 j:l
M
(413) ZT / I+ AW} de 32 5 001/ < €l
1/2 - 12

(4.14) / {1+ 4w } dt+2 (Z\ 1|2> <C (mgfl +1) Jevoll
where || - || = || - ||, >_y; denotes the sum over all elements within the current time slab

T,., and where in all integrals the domain of integration does not include points where the
integrand is discontinuous.

Proof. We follow the proof presented in [1] and make extensions where necessary. With
V' the trial (and test) space for the mdG(g) method defined in Section 2, the mdG(q) (or
mdG(q)*) approximation W of w on a time slab 7,, is defined as follows: Find W € V|
such that

(415) Z ([Wfi]m_lvi(t;fj_l) + /I VVZUZ dt) -+ /Tn (AW, ’U) dt = 07

Z_] Tn—l

for all test functions v € V, where the sum is taken over all intervals I;; within the time
slab 7,,. To prove the basic stability estimate (4.12), we take v = W in (4.15) to get

Tn

—Z By + IO = ZIW TP + / (AW, W) dt = 0.

Tn—l

The estimate now follows by summation over all time slabs 7,,.

For the proof of (4.13), we would like to take v = tAW in (4.15), but this is not a valid
test function. In the proof of Lemma 6.1 in [1], the test function is chosen as v = T,, AW,
which is not possible in the multi-adaptive case, since A mixes the components of W and
as a result, v; = T,,(AW); may not be a test functlon for component W;. Instead, we take
v =7(tAW), with m and ¢ defined as above, to obtain

> ([vmm (EAW)(EL ) + v‘vz-tmw»dt) o [ caw iy a=o

Z] Tn—l

where we have used the orthogonality condition of the interpolant for W; € P%='(I,;).
Noting that [W;],, = W;(t}) — Wi(t,,) = 0 if component i has no node at time ¢ = t,,, we
rewrite the sum as a sum over all intervals (¢,,_1, t,;,] within (7},_1, 7], in the form

ZZ Wikt (AW (t_ )i + | Wit AW), dt

Im
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TO - O Tl Tn,1 Tn TM = T

FIGURE 3. The sequence {t,,} of individual time levels.

= Ztm([W]m_l, AW (t5,_)) + %’”/j jt(w AW dt

tm _ _ _ _
- Z m 1 W]m—l) + ? [(W(tm)7 AW(tm)) - (W(tm—l)7 AW(tm—l))} )
where, using the notation k,, = t,, — t,,_1, we note that

3 %m [(W(t,), AW (£,)) — (W (t5_1), AW (t5,_1))]

m

= 3 W), AW (1) — W (), AW (1)) — W (17,0, AW (17)
T,

Tn—l
2

Ko
2

(W(T, 1), AW(T, 1) = Y (W), AW (1))

Collecting the terms, we thus have
(4.16)
Zt Jm—1, AW]m—1) + T.(W(T,,), AW(T,))) = Tomex W(T, ), AW(T, ) +

4 2/Tn (AW, 7(FAW)) Zk D AW (L),

Tnl

For n =1, we have

Th Ty Ty
/ (AW,w(tAW))dt:Tl/ (AW,W(AW))dt:Tl/ AW |2 dt,
0 0

Thn—1
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since T(AW) = AW on [0,7;], where the same time steps and orders are used for all
components. We further estimate the right-hand side of (4.16) as follows:

K (wo, Awo) = K ([Wlo, A[W]o) — K (W(0*), AW (0*)) + 2K, (wo, AW (07))
< T4 ([Wo, A[W]p) + 2K, (wo, AW (0))

1
Ti([Wlo, A[W]o) + —llwo[|” + eKT|[ AW (07)

1 T
< T ([Wlo, A[W]o) + ;IIon2 +quT1/ |AW || dt,
0

where we have used an inverse estimate for AW on [0,77]. With e = 1/C,, we thus obtain
the estimate

T
(4.17) T(W(Ty), AW(T7)) +T1/ AW |2 < Cylwol|*.
0

For n > 1, it follows by the assumption (4.11), that

T 3 Th 7—10 Th
/ (AW, n(TAW)) dt > 7‘1Tn_1/ | AW ||? dt > - 1Tn/ | AW ||? dt,
o -1

Th—1 Trh—1

Tn

where we have also used the assumption 7,,_; > 0K,. The terms on the right-hand side
of (4.16) are now estimated as follows:

km(W(t;L—l)7 AW(t;L—l)) = km(W(t;—l) - [W]m—la A(W(t:@—l) - [W]m—l))

= ki [(W(t5_1), AW (t,21)) + (W1, AW 1) = 2(W (t,21), AW 1)
< b (14 B)Y W (1), AW (5, 1)) + (L + 87 (W1, AWV 1)
for any 5 > 0. We choose = 1/(¢ — 1), to obtain

bV (1), AW (1, 1)) < 20 (), ATV (55 0)) + b (W] 1, AW )

Coo / (W, AW) dt + ok (W1, AW 1),

c—1J

<

where we have again used an inverse estimate, for W on [,,. From the assumption that
oK, <T,_1 for n > 1, it follows that ok, < oK, < T,_1 < t,,, and so

2 -1 Tn
T,(W(T,), AW(T,) = ToaW (T ) AW (T, )+ 20T, [ WP
Th-1

Tn
< Ga7 / (W, AW) dt.

o—1J)p_,
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Summing over n > 1 and using the estimate (4.17) for n = 1, we obtain by (4.12),

Tn

T g1, M
T(W(T‘),AW(T‘))JrTl/ AW |2 dt + 2 UZTn/ AW |2 dt
oc+1 =

0 Tnfl

Cyo o/2
< Gl + 22 [Canawyar < e, (1+ 22

which we write as

ZT / AW |2 dt < C o,

-1

noting that T(W(T~), AW(T~)) > 0. For the proof of (4.13), it now suffices to prove that

Ty . T
(4.18) [ wta<e [ pawpa
Th-1 Tn-1
and
Tn
n—1

ij

To prove (4.18), we take v; = (t —t;;_1)W;/k;; on each local interval I;; in (4.15), which
gives

Z/ _”1W2dt Z/ (AW); _”1Wdt

1/2 " ’ 1/2
<Z</ i L AW)? dt) </ T%jﬂ‘lvv;dt)
’Lj ;s 17

)

(Z/ b=t LAW)? dt) (Z/ — lig- 1W2dt>1/2,

where we have used Cauchy’s inequality twice; first on Ly(Z;;) and then on ly. Using an
inverse estimate for W2, we obtain

Th . .
/ W% dt = / W2dt < C, Z/ i WLy gy

Trh—1
<CZ/ _”IAW dt<CZ/ (AW dt=C, | |AW]|dt,

Tnl

which proves (4.18).
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To prove (4.19), we take v; = [W;]; j_1/ki; on each local interval [;; in (4.15), which gives

Z[ Z] 1/kij = Z/ (W, + (AW);) [Wilij—1/kij dt

1/2 1/2
< (Z /I(VVH‘ (AW);)? dt) (Z[sz]zzg—l/kw> ,

where we have again used Cauchy’s inequality twice. We thus have

Tn Tn
Z[Wi]?,j—l/kij < 2/

y|W||2dt+2/ AW |2 dt,
ij Tn

Tn—l
and so (4.19) follows, using (4.18). This also proves (4.13).
Finally, to prove (4.14), we use Cauchy’s inequality with (4.13) to get

M T, ) M T, )
3 / Wildt =3 VEJT, VTR, / V7| dt
n=1 n—1 n=1

< (g;Kn/Tn)l/ (ZT/ ||W||2dt)

Tl 1/2
< (14 [ fa) Cllunl < ¢ opr/ K + 11 .

T

1/2

with a similar estimate for AW The proof is now complete, noting that

< C(log(T/Ky) + 1)1/2 Hwo||-

1/2
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