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MULTI-ADAPTIVE GALERKIN METHODS FOR ODES 1V:
A PRIORI ERROR ESTIMATES

ANDERS LOGG

ABSTRACT. We prove general order a priori error estimates for the multi-adaptive con-
tinuous and discontinuous Galerkin methods mcG(q) and mdG(g). To prove the error
estimates, we represent the error in terms of the residual of an interpolant of the exact
solution, and a discrete dual solution. The estimates then follow from interpolation es-
timates, together with stability estimates for the discrete dual solution. For the general
non-linear problem, we obtain exponential stability estimates, using a Gronwall argument,
and for a parabolic model problem, we show that the stability factor is of unit size.

1. INTRODUCTION

This is part IV in a sequence of papers [4, 5, 8] on multi-adaptive Galerkin methods,
mcG(¢) and mdG(q), for approximate (numerical) solution of ODEs of the form

u(t) = f(u<t)7t>a le (07T]>
(1.1) .

where u : [0, 7] — RY is the solution to be computed, ug € RY a given initial condition,
T > 0 a given final time, and f : RY x (0,7] — RY a given function that is Lipschitz-
continuous in u and bounded.

The mcG(q) and mdG(g) methods are based on piecewise polynomial approximation of
degree ¢ on partitions in time with time steps which may vary for different components U;(t)
of the approximate solution U(t) of (1.1). In part I and II of our series on multi-adaptive
Galerkin methods, we prove a posteriori error estimates, through which the time steps
are adaptively determined from residual feed-back and stability information, obtained by
solving a dual linearized problem. In part III, we prove existence and stability of discrete
solutions. In the current paper, we prove a priori error estimates for the meG(q) and
mdG(q) methods.

1.1. Main results. The main results of this paper are a priori error estimates for the
mcG(q) and mdG(q) methods respectively, of the form

(1.2) le(T)l, < CS(D)IF |2 qo11.00),

Date: February 11, 2004.
Key words and phrases. Multi-adaptivity, individual time steps, local time steps, ODE, continuous
Galerkin, discontinuous Galerkin, mcgq, mdgq, a priori error estimates.
Anders Logg, Department of Computational Mathematics, Chalmers University of Technology, SE-412
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2 ANDERS LOGG

and
(1.3) le(T) Iy, < CS(D) 1K uI D L o110,

for p =2 or p = 0o, where C is an interpolation constant, S(7") is a (computable) stability
factor, and k2u®? (or k20+1y(24+D) combines local time steps k = (k;;) with derivatives
of the exact solution u. These estimates state that the mcG(q) method is of order 2¢ and
that the mdG(gq) method is of order 2¢ + 1 in the local time step. We refer to Section 5
for the exact results. For the general non-linear problem, we obtain exponential estimates
for the stability factor S(T"), and for a parabolic model problem we show that the stability
factor remains bounded and of unit size, independent of 7" (up to a logarithmic factor).

1.2. Notation. For a detailed description of the multi-adaptive Galerkin methods, we
refer the reader to [4, 5, 8]. In particular, we refer to [4] or [8] for the definition of the
methods.

The following notation is used throughout this paper: FEach component U;(t), i =
1,..., N, of the approximate m(c/d)G(q) solution U(t) of (1.1) is a piecewise polyno-
mial on a partition of (0,7] into M; subintervals. Subinterval j for component ¢ is de-
noted by I;; = (t;;-1,t;|, and the length of the subinterval is given by the local time
step k;j = ti; — ti j—1. This is illustrated in Figure 1. On each subinterval I;;, Ui|1ij is a
polynomial of degree ¢;; and we refer to (I;;, Ui|1,;) as an element.

Furthermore, we shall assume that the interval (0, 7] is partitioned into blocks between
certain synchronized time levels 0 = Ty < 177 < ... < Tyy = T. We refer to the set of
intervals 7,, between two synchronized time levels T,,_; and T,, as a time slab:

T =AL; :Thoq <tij_1 <ty <T,}.
We denote the length of a time slab by K,, =T, — T,,_;.

1.3. Outline of the paper. The outline of the paper is as follows. In Section 2, we first
discuss the dual problem that forms the basic tool of the a priori error analysis, and how
this differs from the dual problem we formulate in [4] for the a posteriori error analysis.
We then, in Section 3, derive a representation of the error in terms of the dual solution
and the residual of an interpolant of the exact solution.

In Section 4, we present interpolation results for piecewise smooth functions proved in
[7, 6]. We then prove the a priori error estimates in Section 5, starting from the error
representation and using the interpolation estimates together with the stability estimates
from [8]. Finally, in Section 6, we present some numerical evidence for the a priori error
estimates. In particular, we solve a simple model problem and show that we obtain the
predicted convergence rates.

2. THE DUAL PROBLEM

In [4], we prove a posteriori error estimates for the multi-adaptive methods, by deriving a
representation for the error e = U —u, where U : [0,T] — R¥ is the computed approximate
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FIGURE 1. Individual partitions of the interval (0,7] for different compo-
nents. Elements between common synchronized time levels are organized in
time slabs. In this example, we have N = 6 and M = 4.

solution of (1.1), in terms of the residual R(U,-) = U — f(U, -) and the solution ¢ : [0, T] —
RY of the continuous linearized dual problem

—o(t) = J (u, U, 1)p(t) + g(t), t€[0,T),
o(T) =,
with given data g : [0, 7] — RY and ¢ € R, where

(2.1)

(2.2) JT(u,U,t):( /O %(su(t)Jr(l—s)U(t),t)ds) |

To prove a priori error estimates, we derive an error representation in terms of the
residual R(mu, -) of an interpolant mu of the exact solution u, and a discrete dual solution
®, following the same approach as in [3] and [1]. The discrete dual solution ® is defined
as a Galerkin solution of the continuous linearized dual problem

—o(t) = T (mu, U, )p(t) + g(1), ¢ €[0,7T),
o(T) = ¢,

where we note that J is now evaluated at a mean value of mu and U. We will use the
notation f*(¢,-) = J' (7u,U, )¢ + g, to write the dual problem (2.3) in the form

—92.5(75) = f*(¢(t)= t)? te [OaTL
o(T) = .

We refer to [8] for the exact definition of the discrete dual solution ®.

(2.3)

(2.4)
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We will also derive a priori error estimates for linear problems of the form
u(t) + A(t)u(t) =0, te(0,T],

(2.5) w(0) = uo,

with A(t) a bounded N x N-matrix, in particular for a parabolic model problem with A(¢)
a positive semidefinite and symmetric matrix . For the linear problem (2.5), the discrete
dual solution ® is defined as a Galerkin solution of the continuous dual problem

—o(t) + AT(W)o(t) =g, t€0,T),
O(T) =,
which takes the form (2.4) with the notation f*(¢,-) = —AT¢ + g.

(2.6)

3. ERROR REPRESENTATION

In this section, we derive the error representations on which the a priori error estimates
are based. For each of the two methods, meG(q) and mdG(q), we represent the error in

terms of the discrete dual solution ® and an interpolant 7u of the exact solution u of (1.1),

using the special interpolants mu = m%u or Tu = W([i(](];u defined in Section 5 of [7]. The

error representations are presented in the general non-linear case, and thus apply to the
linear problem (2.5), with corresponding dual problem (2.6), in particular.
We write the error e = U — u as

(3.1) e=eée+ (mu—u),

where € = U — 7u is represented in terms of the discrete dual solution and the residual
of the interpolant. An estimate for the second part of the error, mu — u, follows directly
from an interpolation estimate. In Theorem 3.1 below, we derive the error representation
for the meG(q) method, and then derive the corresponding representation for the mdG(q)
method in Theorem 3.2.

Theorem 3.1. (Error representation for mcG(q)) Let U be the mcG(q) solution of (1.1),
let @ be the corresponding mcG(q)* solution of the dual problem (2.4), and let Tu be any
trial space approximation of the exact solution u of (1.1) that interpolates u at the end-
points of every local interval. Then,

Logle) = @00+ [ @)t == [ (RGru ) 9)ar
where e = U — mu.

Proof. Since €(0) = 0, we can choose € as a test function for the discrete dual. By the
definition of the mcG(g)* solution @ (see [8]), we thus have

/OT(é, ) dt — /OT(J(M, U, e, ) dt + Ly, (e),
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and so, by the definition of .J, we have
T T
Loal®) = [ (= I Uge. @)t = [ (@~ f(U)+ flmu, ), @) d
0 0

T T
~ [ (R - B, 9yt = [ (B, ) dr
0 0
since ® is a test function for U. O

Theorem 3.2. (Error representation for mdG(q)) Let U be the mdG(q) solution of (1.1),
let @ be the corresponding mdG(q)* solution of the dual problem (2.4), and let mu be any
trial space approximation of the exact solution w of (1.1) that interpolates w at the right
end-point of every local interval. Then,

Lw@%@@ﬂ@ﬁé@ﬂwhﬁfjiiwm¢@ﬁaﬁ+/

Ri(ﬂ-uv )(I)z dt] )
i=1 j=1 1ij

where e = U — mu.

Proof. Choosing € as a test function for the discrete dual we obtain, by the definition of
the de( )* method (see [8]),

ZZ [e“] 1Dt 1)+/ &P, dt] /T(J(m U,-)e, ®) dt + Ly 4(€),

=1 j5=1

and so, by the definition of J, we have

N M T T
Liy@ =33 |[Edya®ilt, 1)+/ é@idt] —/ (J(ru, U, )&, ®) dt
i=1 j=1 | T 0
N M T
=y Ui = muiij—1 @it 1) +/ (Ri(U,-) — Ri(mu, -))®; dt]
i=1 j=1 L Lij
N M;
= Z [T(ul]lj 1(I> ( 1, — 1) +/ Ri(/ﬁua )(I)Z dt )
i=1 j=1 ij
since ® is a test function for U. O

With a special choice of interpolant, 7u = 7r£qc];u and Tu = quéu respectively, we obtain

the following versions of the error representations.

Corollary 3.1. (Error representation for meG(q)) Let U be the mcG(q) solution of (1.1),

a]

let © be the corresponding mcG(q)* solution of the dual problem (2.4), and let m.gu be an

interpolant, as defined in [7], of the exact solution u of (1.1). Then,

Lw@:A<ﬂ£u>fm»@w
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Proof. The residual of the exact solution is zero and so, by Theorem 3.1, we have
T
Loa®) = [ (R(u) = R, ). @) at
0

T T
d
= / (f(xlBu,) = f(u,-),®) dt+/ (= = ), ) d,
0 0
where we note that
Lo o
| Gt )a=o.
by the construction of the interpolant 7T[q] (Lemma 5.2 in [7]). O

Corollary 3.2. (Error representation for mdG(q)) Let U be the mdG(q) solution of (1.1),

let @ be the corresponding mdG(q)* solution of the dual problem (2.4), and let quéu be an
interpolant, as defined in [7], of the exact solution u of (1.1). Then,

Lw,g(e)=/0 (f (78, ) — f(u,-), ®)dt.

Proof. The residual of the exact solution is zero, and the jump of the exact solution is zero
at every node. Thus, by Theorem 3.2,

Lis.g(8) ZZ [ - quéj uqli 1Pt 1) +/ (Ri(u,-) — Ri(wéq(};u, ))P; dt]

i=1 j=1 1y

where we have used the fact that 7T[q]

interval, and thus that

u interpolates u at the right end-point of every local

N M;
- ) d (¥
[[ui@;;_l) — me (It ) + / (o (i = g ) dt] 0,

by the construction of the interpolant quc]}u (Lemma 5.3 in [7]). O

3.1. A note on quadrature errors. In the derivation of the error representations, we
have used the Galerkin orthogonalities for the mcG(g) and mdG(q) solutions. For the
mcG(q) method, we have assumed that

/T(R(U,~),<I>) dt 0

in the proof of Theorem 3.1, and for the mdG(g)method, we have assumed that

>3

=1 j5=1

7,7,] l(I) 2] 1)+/ RZ(U,)(I)Zdt] :O
I

ij
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in the proof of Theorem 3.2. In the presence of quadrature errors, these terms are nonzero.
As a result, we obtain additional terms of the form

/O (F(U,) — F(U.).®) dt,

where f is the interpolant of f corresponding the quadrature rule that is used. Typically,
Lobatto quadrature (with ¢+ 1 nodal points) is used for the mcG(q) method, which means
that the quadrature error is of order 2(¢+ 1) —2 = 2¢ and so (super-) convergence of order
2q is obtained also in the presence of quadrature errors. Similarly for the mdG(q) method,
we use Radau quadrature with ¢ + 1 nodal points, which means that the quadrature error
is of order 2(¢+ 1) — 1 = 2g + 1, and so the 2¢ + 1 convergence order of mdG(q) is also
maintained under quadrature.

4. INTERPOLATION ESTIMATES

To prove the a priori error estimates, starting from the error representations derived in
the previous section, we need special interpolation estimates. These estimates are proved in
6], based on the interpolation estimates of [7]. In this section, we present the interpolation
estimates, first for the general non-linear problem and then for linear problems, and refer
to [7, 6] for the proofs.

4.1. The general non-linear problem. In order to prove the interpolation estimates for
the general non-linear problem, we need to make the following assumptions: Given a time
slab 7, assume that for each pair of local intervals I;; and I,,, within the time slab, we
have

(Al) Gij = Qmn = (j7

and

(AQ) kij > o kmm

for some ¢ > 0 and some a € (0,1). We also assume that the problem (1.1) is autonomous,
Ofi

(A3) fi_o i1 N

ot
noting that the dual problem nevertheless is non-autonomous in general. Furthermore, we
assume that

(A4) ||szDq+1 <oo, t=1,...,N,

where ||-|| pr(7) is defined for v : RY — Randp > 0by 0]l pr(7y = Maxy—o,. p | D"V Lo (T 100
with

(45) D" w0l < 1Dl [0 e 0l Vol " € R,
and D"v the nth-order tensor given by

N N
Dhyw' - w" = g E w; -wl
ax L. 1 in
. 11
11=1

Zn
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i1 I;; tij

FIGURE 2. If some other component [ # ¢ has a node within I;;, then @,
may be discontinuous within /;;, causing ¢; to be discontinuous within ;.

Furthermore, we choose | f||7 > max,—; . v || fi|l| pa+1(7), such that

(4.6) la? /dt?(0f /0u) " (z(#)) e < I fII7CE,
forp=0,...,q, and

(4.7) l[@”/dt? (D /0u) " ((£)))ellie < ”f”TZCp "Nzl

for p=0,...,§ — 1 and any given  : R — R", where C, > 0 denotes a constant, such
that ||z |1 (71 < C2, for n =1,...,p. Note that assumption (A4) implies that each
fi is bounded by || f|lz. We further assume that there is a constant ¢, > 0, such that

(A5) kijll fll7 < e,
for each local interval I;;. We summarize the list of assumptions as follows:

(A1) the local orders g;; are equal within each time slab;

(A2) the local time steps k;; are semi-uniform within each time slab;

(A3) f is autonomous;

(A4) f and its derivatives are bounded;

(A5) the local time steps k;; are small.

To derive a priori error estimates for the non-linear problem (1.1), we need to estimate
the interpolation error mp; — ¢; on a local interval I;;, where ¢; is defined by

(4.9) wi = (J (ru,u) ZJZZ mu,u)®, i=1,...,N.
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We note that ¢; may be discontinuous within 7;;, if I;; contains a node for some other com-
ponent, which is generally the case with multi-adaptive time-stepping. This is illustrated
in Figure 2. Using assumptions (A1)—(A5), we obtain the following interpolation estimates
for the function ¢.

Lemma 4.1. (Interpolation estimates for ¢) Let ¢ be defined as in (4.9). If assumptions
(A1)—(A5) hold, then there is a constant C' = C(q, cx, ) > 0, such that

ij—2 ij—1 ij -
(4.10) w2, — CillLotry) < CkG T NAIFN®N o)y @5 =T > 2,
and
(1)l e = il < ORI @ iy @y =021,
for each local interval I;; within the time slab T .
Proof. See [6]. O

4.2. Linear problems. For the linear problem (2.5), we make the following basic assump-
tions: Given a time slab 7', assume that for each pair of local intervals I;; and I,,,, within
the time slab, we have

(Bl) Gij = Qmn = (j7
and
(BQ) kij >« kmn;

for some ¢ > 0 and some « € (0,1). Furthermore, assume that A has ¢ — 1 continuous
derivatives and let C'y > 0 be constant, such that

(B3) max (AP |71y [ATP | e(z00)) < CF p=0,...,4,
for all time slabs 7. We further assume that there is a constant ¢, > 0, such that
(B4) ki;Ca < k.

We summarize the list of assumptions as follows:

(B1) the local orders ¢;; are equal within each time slab;

(B2) the local time steps k;; are semi-uniform within each time slab;
(B3) A and its derivatives are bounded;

(B4) the local time steps k;; are small.

As for the general non-linear problem, we need to estimate the interpolation error mp; —;
on a local interval I;;, where ¢; is now defined by

N
(4.16) pi=(AT®);=> Ay®, i=1,.. N
=1

Using assumptions (B1)—(B4), we obtain the following interpolation estimates for the func-
tion ¢.
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Lemma 4.2. (Interpolation estimates for @) Let ¢ be defined as in (4.16). If assumptions
(B1)—~(B4) hold, then there is a constant C' = C(q, cg, ) > 0, such that

ij—2 i5—1 ~Qij -
(A1)l e billa) < OB O N, 05 =122,
and
(4.18) i 0i = Pill iy < CKFCE Ny @5 =3 > 1,
for each local interval I;; within the time slab T .
Proof. See [6]. O

5. A PRIORI ERROR ESTIMATES

Using the error representations derived in Section 3, the interpolation estimates of the
previous section, and the stability estimates from [8], we now derive our main results: a
priori error estimates for general order mcG(q) and mdG(g). The estimates are derived
first for the general non-linear problem (1.1), then for the general linear problem (2.5), and
finally for a parabolic model problem.

5.1. The general non-linear problem.

Theorem 5.1. (A priori error estimate for mcG(q)) Let U be the mcG(q) solution of (1.1),
and let ® be the corresponding mcG(q)* solution of the dual problem (2.4). Then, there is
a constant C = C(q) > 0, such that

(5.1) |Lyg(8)] < CS(DE @ | Lo, 1,

where (k9+aath), (t) k:q”HH (qij+1)||Loo(1” for t € I;, and where the stability factor
S(T) is given by S(T fo |JT (7 Gu w, -)®|y, dt. Furthermore, if assumptions (Al)-
(A5) hold and g = 0 in (2 4), then there is a constant C' = C(q, ¢, ) > 0, such that

(5.2) | Lo (@)] < CS(T)IK*a%) | 10,71,

qi;—1 ||u(qz‘j+l)
(3

where (Ku®0);(t) = k| fII7

S(T) is given by

| Lo () fort € Iij, and where the stability factor

AR BT ol A1

n=1

Proof. By Corollary 3.1, we obtain

Lool®) = [l = flu). @)t = [ ()=, 0)a

0

T
:/ ( ([féu u, J'( Céu u, -)®P) dt.
0
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By Theorem 5.1 in [7], it now follows that

T
Ly (8)] < CT @Y 1 (o01100) / [PANCHSTRTASE /P2

which proves (5.1). To prove (5.2), we note that by definition, 7r£%f}uz — u; is orthogonal to

P%i—2(I;;) for each local interval I;;, and so, recalling that ¢ = J ' ( £éu, u, )P,

N M;
L) = 35 [ G-t =303 [ (- wtei-aly o0
=1 j5=1 i=1 j=1 ij

where we take C%f 4o = 0 for ¢;; = 1. By Theorem 5.1 in [7] and Lemma 4.1, it now

follows that
T
Loal@) < [ 1= w0 = ol %)
0
! lq] —(¢-1) lg—2]
= [ 11 ) kI A - )
0

T
< CHk‘Qqﬁ(Qq)HLOO([O,T],h)/ 1IN @ N 1 (70 dt = CS(T)| K9G| 1 o170
0

where the stability factor S(T') is given by

T M
S(T) = / AN r i) dE =D Kl Fl 7@ £ (7 )
0 n=1

O

Theorem 5.2. (A priori error estimate for mdG(q)) Let U be the mdG(q) solution of
(1.1), and let ® be the corresponding mdG(q)* solution of the dual problem (2.4). Then,
there is a constant C' = C(q) > 0, such that

(5.3) |Lig(€)] < CSTET 0" 1y (o112

where (kT @D, (1) = kf;j+l]|uEQij+l)||Loo(Iij) for t € I,;, and where the stability factor
S(T) is given by S(T) = fOT ]|JT(7réq(};u,u,~)<I)||l2 dt. Furthermore, if assumptions (Al)-
(A5) hold and g = 0 in (2.4), then there is a constant C' = C(q, cx, ) > 0, such that

54 Loal@)] S CSITE oy,

where (K2t1q2atD) () = k:z.zjf“j“Hf 9 | q”“

factor S(T) is given by

|Loe(zy) for t € Iij, and where the stability

S0 = [ U0 = Kol

n=1
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Proof. The estimate (5.3) is obtained in the same way as we obtained the estimate (5.1).

To prove (5.4), we note that as in the proof of Theorem 5.1, we obtain L, ,( fo Wéqc];u—

u, @) dt. By definition, wg"g]ul u; is orthogonal to P%i~1(I;;) for each local interval I;;,

and so

1

L@ = 23 ), = i = >y |, ==l Moo ar

21]11 =1 j5=1

where we take Wéqg ¢; = 0 for ¢;; = 0. By Theorem 5.1 in [7] and Lemma 4.1, it now

follows that

T
Lyg(e)] < / (7% — o — 7l dt
T
- / R AN (B — ), k) 59 — 55 ) dt

T
< ORI G0 / 1171l o .
0

O

Using the stability estimates proved in [8], we obtain the following bound for the stability
factor S(T).

Lemma 5.1. Assume that K,C,| f|lz, <1 for all time slabs T, with Cy = Cy(q) > 0 the
constant in Theorem 4.1 of [8], and take g = 0. Then,

(55) S’(T) < ||Q/}Hlooec'q”f”[o,T]T7

Proof. By Theorem 4.1 in [8], we obtain

M
1Pl Loc (T 10) < Cll¥]]1c exP ( > Kqu||f||Tm) < Gyl €M hom T =10,

m=n+1

and so

M M
=D Kallf 1719l e oty dt < 901 Y KnColl fllpo,rpe %M hom =10

n=1 n=1

T
< ”w”lw/ Oq”f”[OVT}qu”f“[O,T]tdt < ”1/)H10060q||f||[0,T]T
0

O

Finally, we rewrite the estimates 5.1 and 5.2 for special choices of data ¢ and g. We
first take ¢ = 0. With g, = 0 for n # 4, g;(t) = 0 for ¢t & I;;, and

9i(t) = sgn(e(t))/kij, t € I,
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we obtain Lw 9

(t)| dt and so [|&;|L. (1) < CLyg(€) by an inverse estimate.

By the deﬁmtlon of e, 1t follows that [|e;||r.. ;) < CLyg(€) + Ckf;j+l||ugij+l Note
that for this choice of g, we have ||g||z,(0,11,2) = 19|21 ([0,1,0.0) = 1.
We also make the choice g = 0. Noting that é(7") = e(T'), since mu(7T) = u(T"), we obtain

Lyg(€) = (e(T), ) = lei(T)],
for ¢; = sgn(e;(T")) and v, = 0 for n # i, and
Llﬁ,g(é) = (G(T)ﬂﬁ) = ||€(T)||lza

for v» = e(T)/||e(T)]|1,.- Note that for both choices of ¥, we have [[1[,, <1
With these choices of data, we obtain the following versions of the a priori error estimates.

Hoozg

Corollary 5.1. (A priori error estimate for mcG(q)) Let U be the mcG(q) solution of
(1.1). Then, there is a constant C = C(q) > 0, such that

(5.6) lell Loy < CS(T) KT 10,100

where the stability factor S(T') = fOT HJT(Wgéu,u, ||, dt is taken as the maximum over
Y =0 and ||g||L,o1),100) = 1. Furthermore, if assumptions (A1)—~(A5) and the assumptions
of Lemma 5.1 hold, then there is a constant C' = C(q, cx, ), such that

(5.7) le(T)[l, < CST)|E*a®|| 1. o110,
for p = 2,00, where the stability factor S(T) is given by S(T) = e“alflonT,

Corollary 5.2. (A priori error estimate for mdG(q)) Let U be the mdG(q) solution of
(1.1). Then, there is a constant C = C(q) > 0, such that

(5.8) lell Loty < CS(T) KT 10,100

where the stability factor S(T fo |7 ( Wc[lqc];“ u, )|, dt is taken as the mazimum over
Y =0 and ||g||L,o,11100) = 1 Furthermore if assumptions (A1)—(Ab) and the assumptions
of Lemma 5.1 hold, then there is a constant C' = C(q, cx, ), such that

(5.9) le(T)l, < CS(T)|IF*Ha® V|1 o.100),

or p = 2,00, where the stability factor S(T) is given by S(T) = eCalflonT
y g Y

5.2. Linear problems.

Theorem 5.3. (A priori error estimate for mcG(q)) Let U be the mcG(q) solution of (2.5),
and let ® be the corresponding mcG(q)* solution of the dual problem (2.6). Then, there is
a constant C = C(q) > 0, such that

(5.10) |Lig(€)] < CSTET 0" g o112
where (KT glatD), (t) kqinH (i3 +1) | Loe(ry) for t € Iij, and where the stability factor
S(T) is given by S(T fo |AT®||,, dt. Furthermore, if assumptions (B1)—(B4) hold and

g=0in (2.6), then there is a constant C' = C(q, ¢k, ) > 0, such that
(5.11) |Lyg(@)] < CS(T)IK*1G®) | 110,71,
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where (k?qu:L@q))i(t) _ k?j{hjczj—lnuz(qn—i-l
S(T) is given by

fort € I;;, and where the stability factor

2o ri5)

T M
5(7) = / Call® iy dt = S Ko Call Bl
0

n=1
Proof. By Corollary 3.1, we obtain

T T
Ly y(&) = /0 (A — 7%, ®) dt = / (u -1 A7) dt.

0

By Theorem 5.1 in [7], it now follows that | Ly 4(€)] < C||k7a% |1 (jo.17.12) fOT |AT®||,, dt,

which proves (5.10). To prove (5.11), we note that by definition, W[%ﬂuz — wu; is orthogonal

to P4ii~2(1;;) for each local interval I;;, and so
PVCIEDY) o) NUSE IRV 9 o) RUSS LR e
i=1 j=1 =1 j5=1

where ¢ = AT®. By Theorem 5.1 in [7] and Lemma 4.2, it now follows that
T
Los@l < [ It u o= %)
o
= [ 1O w0, kDR 7l )
0

T
< CIE* )| Loy / Call®|| L7100y dt = CS(T)IE*TPD| 017009,
0

where the stability factor S(T') is given by

7= [ OBt =3 KCal i

n=1

O

Theorem 5.4. (A priori error estimate for mdG(q)) Let U be the mdG(q) solution of
(2.5), and let ® be the corresponding mdG(q)* solution of the dual problem (2.6). Then,
there is a constant C'= C(q) > 0, such that

(5.12) |Lig(@)] < CS(TIE a1y o112,

where (kT (@t (¢ ) kq”HH (i3 +1) |Loo(zy) for t € Iy, and where the stability factor

S(T) is given by S(T fo ||AT(I>||l2 dt. Furthermore, if assumptions (B1)—~(B4) hold and
g=0in (2.6), then there is a constant C' = C(q, ¢k, ) > 0, such that

(5.13) Ly ()] < CS(D)E TN 1 om0
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where (K*1aCat)) (1) = ]g.zf“j“q‘ffj (gi5+1)

N v
factor S(T') is given by

|Loe(zy) for t € ILij, and where the stability

T M
7) = [ Cl@larin) dt = 3 KaCal®liair e
0 n=1

Proof. The estimate (5.12) is obtained in the same way as we obtained the estimate (5 10).

To prove (5.13), we note that as in the proof of Theorem 5.1, we obtain L 4( fo u—

wéqéu, ©)dt. By definition, Wéqg}uz — w; is orthogonal to P%~1(I;;) for each local interval

I;;, and so

’L

Lw g Z Z / (g(]é]]uz 907, dt = Z Z / - 7qu(l}] U (907, W([iqg_l}@i) dt.

=1 j=1 =1 j=1

By Theorem 5.1 in [7] and Lemma 4.2, it now follows that
g 1
Los@I < [ (==l o)

T
— [ 1 — ), k1€ = ml )

0
T
< C||k2q“ﬂ(2q“)HLOO([o,TLzl)/ Call®| Lo (7100 .
0

O

We now use Lemma 5.1 to obtain a bound for the stability factor S(T). As for the
non-linear problem, we note that for special choices of data 1 and ¢ for the dual problem,
we obtain error estimates in various norms, in particular the lo-norm at final time.

Corollary 5.3. (A priori error estimate for mcG(q)) Let U be the mcG(q) solution of
(2.5). Then, there is a constant C' = C(q) > 0, such that

(5.14) lell Loy < CS(T) || a1 0.17.0)

where the stability factor S(T') = fOT |AT®||,, dt is taken as the mazimum over ¢ =0 and
9]l 21 (0,1,0.0) = 1. Furthermore, if assumptions (B1)—~(B4) and the assumptions of Lemma
5.1 hold, then there is a constant C = C(q, ¢y, @), such that

(5.15) le(T)Ils, < CS(DIK*1a®V| 1o
for p =2, 00, where the stability factor S(T) is given by S(T) = AT’

Corollary 5.4. (A priori error estimate for mdG(q)) Let U be the mdG(q) solution of
(2.5). Then, there is a constant C = C(q) > 0, such that

(5.16) lell Loy < CS(T) KT 10,1700
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where the stability factor S(T) = fOT |AT®||;, dt is taken as the mazimum over ¢ =0 and
91l 21 (10,m,000) = 1. Furthermore, if assumptions (B1)—~(B4) and the assumptions of Lemma
5.1 hold, then there is a constant C' = C(q, ¢y, «), such that

(5.17) le(T), < CS(T)IF*Ha® V|1 o.1100),
or p = 2,00, where the stability factor S(T) is given by S(T) = e“aaT .
y g Y

5.3. Parabolic problems. We consider the linear parabolic model problem,
u(t) + A(t)u(t) =0, te(0,T],

(5.18) u(0) = uo,

with A a positive semidefinite and symmetric N x N matrix for all ¢ € (0, 7], and prove
an a priori error estimate for the mdG(g) method. The estimate is based on the error
representation for the mdG(g) method presented in Section 3 and the strong stability
estimate derived in [8]. To prove the a priori error estimate, we need to make the following
assumptions. We first assume that ¢ is constant within each time slab, that is, for each
pair of intervals I;; and I,,, within a given time slab, we have as before

Furthermore, we assume that A is invertible on (0,7") for ¢ > 2 and refer to this as
assumption (C2).
Additional assumptions, (C3)—(C6), are needed for the strong stability estimate of [8].
We first assume that there is a constant v > 1, such that
Tn

(C3) (T —-T,) /Tn (Av, Av)dt < 'y/ (Av, (tAv))dt, n=1,...,.M —1,

Th-1 Tn-1

for all trial functions v, that is, all v discontinuous and piecewise polynomial with v;|r,; €
P4i(1;;), where t = t(t) is the piecewise constant right-continuous function defined by
t(t) = ming {T—t; j_1 : t > t; j_1}. If Avisnot close to being orthogonal to the trial space,
then ~ is of moderate size. We also assume that there is a constant o > 1, such that

(C4) oK, <(T—-T,), n=1,...,M—1.

This condition corresponds to the condition oK, < T,_; used in the strong stability
estimate for the discrete dual problem in [8]. We further assume that all components use
the same time step on the last time slab 7/,

Finally, we assume that A is constant and refer to this as assumption (C6).

Theorem 5.5. (A priori error estimate for parabolic problems) Let U be the mdG(q)
solution of (5.18), and assume that (C1l) and (C2) hold. Then, there is a constant C' =
C(q), such that

(5.23) ()l < CS(T) ma K2 A%V, 4+,

)
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where (k%1 A1+, (1) = kff““||(Aqifu)z(.qij+1)||Loo(1i].) forte l;, E=0 forq=0, and
£ = fOT(Wc[lqéAqu - Aqﬂgqéu, AY9®) dt for q > 0. The stability factor S(T) is given by

T
(5.24) S(T) = / k(AP — 7l A1aq) |, dt.
0

For ¢ = 0,1, we obtain the following analytical bound for S(T), using assumptions (C3)-
(C6),

T 1/2

M
where C' = C(q,v,0) > 0.

Proof. With ¢ = e(T)/|e(T)], and g = 0, it follows by Corollary 3.2 that
T T
le(T)ls, = /0 (u — 70, AD) dt = /0 (A% (u — 7ldu), A1) dt
T
- / (A% — 79, Aty + 710 Ay — A7l 4100 gy
0

T T
_ / (A% — 719, Any, A-90) dt + / (w1 Aty — 40700y, AT0q) dy
0 0

T
= / (A%y — 7 Atu, AT9% — 7l AY9P) dt + €,
0

where we have assumed that A is invertible for ¢ > 2. With S(T) = fOT |k~ 1A 1D —
7l A1=4)||,, dt, we thus obtain

le(D)ll, < S(T) max [[K(A%u = 7y A, + €

N 1/2
= S(T) max (Z[kzi«mu)i — o <Aqu>l->]2> +€

[0.7] i=1

N 1/2
< OS(T) max (Z[qu*”“a)n<Aqu>§qi<“+” HLOOW)V) e

te[0,7 —
= OS(T) max|[k* A"a ], + €.
Note that we use an interpolation estimate for A%u which is straightforward since the exact
solution u is smooth. We conclude by estimating the stability factor S(T') for ¢ = 0,1,

using the strong stability estimate for the discrete dual solution ®. For ¢ = 0, it follows
directly by Theorem 4.3 in [8], that

T T 1/2
S(T):/ |AD||s, dtSC’(log—+1) ,
0 Ky



18 ANDERS LOGG

and for ¢ = 1, we obtain

T T
SO = [ @ - al ol ar<c [ o],
0 0
using an interpolation estimate in combination with an inverse estimate, and so the esti-

1/2
mate S(T) < C (log KLM + 1) follows again by Theorem 4.3 in [8].
U

The stability factor S(7') that appears in the a priori error estimate is obtained from the
discrete solution ® of the dual problem (2.6), and can thus be computed exactly by solving
the discrete dual problem. Allowing numerical computation of the stability factor, the
additional assumptions (C3)—(C6) needed to obtain the analytical bound for S(7') are no
longer needed. Numerical computation of the stability factor also directly reveals whether
the problem is parabolic or not; if the stability factor is of unit size and does not grow,
then the problem is parabolic by definition, see [2].

6. NUMERICAL EXAMPLES

We conclude by demonstrating the convergence of the multi-adaptive methods in the
case of a simple test problem. We also present some results in support of assumption (C3).

6.1. Convergence. Consider the problem

Uy = Uz,
U = —Uq,
113 = —Uo + QU4,

’[L4 = Uu; — 2U3,

1:L5 = —Ug — 2U4 + 4U6,

1:66 =u + QU3 — 4U5,

on [0,1] with initial condition «(0) = (0,1,0,2,0,3). The solution is given by u(t) =
(sint, cost,sint + sin 2t, cos t + cos 2t, sin t + sin 2t + sin 4¢, cos t 4 cos 2t 4 cos 4t). For given
ko > 0, we take k;(t) = ko for i = 1,2, k;(t) = ko/2 for i = 3,4, and k;(t) = ko/4 for
i = 5,6, and study the convergence of the error ||e(T)|;, with decreasing kqo. From the

results presented in Figure 3, Table 1, and Table 2, it is clear that the predicted order of
convergence is obtained, both for meG(gq) and mdG(g).

mcG(q) || 1 2 3 4 5
D 1.9913.96 | 5.92 | 7.82 | 9.67
2 5 1416810

TABLE 1. Order of convergence p for meG(q).
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dG(5)
o @ %]
10k o |
\\\g ~ A a
;d:—“—_ﬂéw _
—o— > > &
10‘15‘ Ll ; ; . | ; ; ; L
107 10" 10°

F1GUurE 3. Convergence of the error at final time for the solution of the test
problem (6.1) with mcG(gq) and mdG(q), ¢ < 5.

mdG(Q) 0 | L | 2] 3 ] 4[5
p | 0.92]2.964.94]687]9.10] —
2q+1 | L | 3] 5 | 79 |11

TABLE 2. Order of convergence p for mdG(q).

6.2. Numerical evidence for assumption (C3). The strong stability estimate Theorem
4.3 in [8], which is used in the proof of Theorem 5.5, relies on assumption (C3), which for
the dual problem (with time reversed) can be stated in the form

(6.2) T / U o Av)di < - / " (Ao m(FAv)) dr.

Tn_1 Tn—l

n=2,...,M,

where ¢ = £(t) is the piecewise constant left-continuous function defined by #(¢) = min;;{t;; :
t < t;}. As mentioned, this may fail to hold if Av is close to orthogonal to the trial
space. On the other hand, if every pair of components which are coupled through A use
approximately the same step size, then 7(Av) &~ Av and (6.2) holds. We illustrate this in
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the case of the mdG(0) method, where interpolation is given by taking the right end-point
value within each local interval, for A given by

2 -1 0 0 O O O O 0 O

-1 2 -1 0 0 O O 0O 0 O

o -1 2 -1 0 O O O O O

o o0 -1 2 -1 0 O O 0 O

A o o0 o0 -1 2 -1 0 0 0 O
o o o o0 -1 2 -1 0 0 O

o o o o o0 -1 2 -1 0 O

o o o o o0 o0 -1 2 -1 0

o o0 o o o o0 o0 -1 2 -1

. 0 0 0 o o0 o0 o0 0 -1 2

We take k;(t) = 1/i for ¢ = 1,...,10 on [0,1], and randomize the piecewise constant

function v on this partition. Examining the quotient
C [i(Av, Av) dt
Y = max — — ,
v [, (Av, w(tAv)) dt

with #(t) = min;;{C + t;; : t < t;;} for C large, we find v < 1.5. Here, C' corresponds to
T,—1 in (6.2). In Figure 4, we present an example in which C' =100 and v = 1.05.

I
0.1

I
0.3

I
0.4

t

I I I I
0.6 0.7 0.8 0.9 1

FIGURE 4. Left, we plot a component of the function Av (solid) and its
interpolant 7(Av) (dashed) for the partition discussed in the text. Above
right, we plot C'(Av, Av) (solid) and (Av, m(tAv)) (dashed), and below right,
we plot the corresponding quotient C'(Av, Av)/(Av, w(tAv)).
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