CHALMERS

FINITE ELEMENT CENTER

PREPRINT 2004-06

A stabilized nonconforming finite element method
for incompressible flow

Erik Burman and Peter Hansbo

- . Chalmers Finite Element Center
<« p CHALMERS UNIVERSITY OF TECHNOLOGY
- Goteborg Sweden 2004






CHALMERS FINITE ELEMENT CENTER

Preprint 2004-06

A stabilized nonconforming finite element
method for incompressible flow

Erik Burman and Peter Hansbo

CHALMERS

Chalmers Finite Element Center
Chalmers University of Technology
SE—412 96 Goteborg Sweden
Goteborg, February 2004



A stabilized nonconforming finite element method for incompressible flow
Erik Burman and Peter Hansbo

NO 2004-06

ISSN 14044382

Chalmers Finite Element Center
Chalmers University of Technology
SE—412 96 Goteborg

Sweden

Telephone: +46 (0)31 772 1000

Fax: +46 (0)31 772 3595

www.phi.chalmers.se

Printed in Sweden
Chalmers University of Technology
Goteborg, Sweden 2004



A STABILIZED NONCONFORMING FINITE ELEMENT METHOD FOR
INCOMPRESSIBLE FLOW

ERIK BURMAN AND PETER HANSBO

ABSTRACT. In this paper we extend the recently introduced edge stabilization method to
the case of nonconforming finite element approximations of the linearized Navier-Stokes
equation. To get stability also in the convective dominated regime we add a term giving
L?-control of the jump in the gradient over element boundaries. An a priori error estimate
that is uniform in the Reynolds number is proved and some numerical examples are
presented.

1. INTRODUCTION

The solution of the Navier-Stokes equations for incompressible flow using finite element
methods remains a challenging problem, in particular if the objective is to construct a
method which remains robust and accurate for a wide range of Reynolds numbers. The
discretization must assure not only satisfaction of the Babuska-Brezzi condition but also
stabilization of the convective terms and sufficient control of the incompressibility condi-
tion. Approximations using non-conforming Crouzeix-Raviart (CR) elements are attrac-
tive for the velocity approximation in combination with elementwise constant pressures,
since they satisfy the Babtuska-Brezzi condition and have local conservation properties.
This discretization was proposed and analyzed in [13] and a stabilized version using the
streamline diffusion stabilization was analyzed in [11]. In neither of these cases the high
Reynolds number limit was treated. Moreover, in a recent paper, [4], the authors showed
that a stabilized nonconforming finite element method using the Crouzeix-Raviart element
remains uniformly stable in the vanishing viscosity limit for the generalized Stokes’ equa-
tion. However, the discretization of convection dominated problems using CR~elements are
not stable without both a weak coupling on the element inflow boundary as in the discon-
tinuous Galerkin method and streamline diffusion stabilization of the convective terms in
the interior of the element (see [10, 9, 12]). In this respect, the element needs stabiliza-
tion from both the streamline diffusion method and the discontinuous Galerkin method.
Considering the fact that the method uses more degrees of freedom than the continuous
Galerkin approximation this seems suboptimal. Moreover, the streamline diffusion stabi-
lization has the drawback that it does not permit lumped mass for time stepping. In this
paper we therefore propose to apply the recently introduced edge stabilization operator
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2 ERIK BURMAN AND PETER HANSBO

(see [2, 3]) to the lowest order Crouzeix-Raviart element for the stabilization of the convec-
tive terms. We prove that this operator stabilizes exactly that part of the convective term
which is not already included in the approximation space. In this sense this is the smallest
perturbation needed to make the Crouzeix-Raviart element stable for convection-diffusion
problems. This stabilization method has the advantage, as compared to other stabilized
methods, that we may lump mass for efficient timestepping, we do not add any additional
degrees of freedom, and we do not need any special structure of the mesh. For Oseen’s
equation we prove an optimal a priori error estimate in the energy norm independent of the
Reynolds number. Another attractive feature of the proposed stabilization is that, unlike
SUPG, here the stabilization parameter is independent of the flow regime; we illustrate this
by proving an L? a priori error estimate for the velocities in the case of low local Reynolds
number. Finally, we study the performance of the numerical scheme on some linear and
nonlinear model cases.

2. A FINITE ELEMENT METHOD FOR THE OSEEN’S EQUATION
We consider, in  C R? with boundary 0, the problem of solving
cu+B-Vu+Vp—2uV-e(u) = f, inf
(2.1) Veu = 0, inQ
u = 0 ond2

where u, 3 € [H}(Q) N Hy(div; Q)]4, B € Wh=(Q), p € L3(Q), f is a given source term, o
and p are bounded positive functions. By Hy(div;2) we denote the functions in [L?(£2)]?
such that V-u = 0, and by L2(f2) the functions in L*(Q) with zero mean value. The weak
form of this problem is to find (u,p) € [H3(Q)]? x ) such that

(€
L3(Q
a(u,v) +b(p,v) = (f,v)
(2.2) { b((g ; — 0

¥ (v,q) € [Hy ()" x L5(9),

)
2
2
0

where

a(u,v) = (ocu, v) + (B - Vu, v) + 2(ue(u), e(v))

b(p,v) = —(p,V-v) and (f,v):=(f, v).

We let (-, -) denote the Ly-scalar product with the corresponding norm || - || = (-,-)*/2. The
H*(2) norm will be denoted by || - ||s.o. The well posedness of the above problem follows
by the Lax-Milgram lemma applied in the space [H}(2)] N Hy(div; Q). The finite element
method consists of seeking a piecewise polynomial approximation u, € Vi, p, € Qn. We
let V}, denote the space of the lowest order non-conforming Crouzeix-Raviart elements. Let
75, denote a shape regular triangulation of the domain €2, £(K) the set of all faces of an
element K € 7y, € := Uker, E(K) the set of all faces in 7j, Egq = {e € £ : e C 0N}, and
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& = &\ Esq the set of the boundary and inner faces respectively. For a given piecewise
continuous function ¢, the jump [¢] and the average {¢} on a face e € £ are defined by

| limg o+ (@( + sn) — p(x — sn)) if e ¢ 00
() = { lims_)g+ = —p(x — sn) if e C 00

' Him, o+ (p(z + sn) + o(x — sn)) ife g ON

le}(x) = { Sim,_o+2p(z — sn) if e C 092
where n is a normal unit vector on e and x € e. If e C 02 we choose the orientation of n
to be outward with respect to {2 otherwise n has an arbitrary but fixed orientation. For

the nonconforming finite element functions, continuity across edges e will only be enforced
with respect to

Je(vp) == /[vh] ds.
Using this definition our finite element space Hiay be defined as
Vi, = {w, € [L2(Q)]? : vp|k € [PUK)]Y, VK € Ty, jo(v,) =0, Ve € E}.
Moreover we introduce the space of piecewise constants with mean value zero,
Qn = {an € L§(Q) : aulx € Po(K)},
and the subspace W), of V}, such that
Wi =A{wy, € Vi, : (V- wp,qn)n = 0,Yq, € Qr}

where (V- wp, qn)n = D (V - wp, qn) k. Since the above spaces are H'-nonconforming we
introduce the broken norm equivalent of the L?-norm

i = Il
K

and the broken H'-seminorm
2 2
[ulj, = Z uli k-
K

The local mesh size is defined by

h K — m[?JX ha K
and we will assume that hy /hgx < C where C is a fixed constant. We will use C' and ¢ as
generic constants taking different values every time. To indicate their provenance or main

dependence, a subscript may be added, e.g., ¢,. We introduce the interpolation operator
rpw : [H1(Q)]¢ — V" defined by

1
rou(x,) = el /uds,

where x. is the midpoint of the edge e. The L2-projections onto the spaces are also
required for the analysis. Let 7oy @ L*(K) — Pyo(K), ng,, : [L*(K)]* — [Po(K)]? denote
the L2-projection onto the constant functions on K and 7, : [L*(K)]? — V}, the standard
L2-projection onto the finite element space. For the above defined interpolation operator
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and projections we need some approximation and stability properties. These, and some
inverse inequalities are collected in the following lemmas

Lemma 1. For the interpolation operator ry, there holds, if w € [H*(Q)]? then
(2.3) | — |y + hlrpu — ul, < CLh%
Moreover, if V- u =0 then ryu € Wj,.

Proof  The proof of the interpolation estimate is given by Crouzeix and Raviart [7].
The second claim is immediate noting that

/V-rhudx:/v-udxzo
K K

by the definition of the interpolant. O

Lemma 2. For the L? projection the following H' stability holds,
ol < Cllu.
For the error analysis, we shall use the following trace inequality
Lemma 3. Forv € H'(K) there holds
(2.4) i3 < Co( Aol + hucllol i) w0 € HY(K),
where C; is a constant independent of hy
We also need the following local inverse inequality.

Lemma 4. Let uy, € V;, where V}, is defined on a shape reqular mesh then
IVl < hig'Cillunl| e,
with C; independent of K.

Proof  For proofs of lemmas 24, see , respectively, Carstensen [5], Thomée [14], and

Ciarlet [6]. [0 Our finite element method reads: find w, € V}, such that
(2.5) an(wn, g) + bn(Pr, vn) + Ju(un, va) = (f,vp)
' bn(qn,up) = 0
V (v, qn) € Vi X Qn,

where

1
(2.6) ap(un,vy) = (oup + B Vup,vp)p — = (B - nlupl, {vn}) sk

2

+ (2ue(un), €(vn))n,

(2-7) bh(ph, ’Uh) = —(ph, V- 'Uh)h-
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and the jump terms take the form
o) = 32 [ b [Vl - [Volds
. JOK\oQ
28) +3° [ vl 18 mlhohanft - V]t Telds
K JOK
+Z%/ hox|(t - V) - n][(t - Vo) - nlds.

Here 3, is the interpolant of 3 on W), and t is a unit vector perpendicular to n. The
gradient jump term serves three purposes. It stabilizes the convective terms (the first sum
in (2.8)), it assures that Korn’s inequality is satisfied (the 7,u part of the second sum in
(2.8)), it gives additional control of the divergence inconsistency error (the third sum in
(2.8)). The last two properties can be obtained by introducing a lower order penalizing
term (see [4]), but the use of the jump of the gradient has the advantage of allowing for
one point quadrature in the implementation and from the point of view of analysis it is
practical. In the case of three space dimensions the tangent vector should be replaced by
the tangent tensor Vuy, x n. In the following we will for simplicity only consider the two
dimensional case for the tangent vectors.

Remark 1. The analysis below holds with only minor modifications if B is replaced by
B, also in the convective term. This is convenient when timestepping the Navier-Stokes
equation: B3 may be taken as the solution wy, of the previous timestep.

In the analysis we will not distinguish between the different stabilization parameters,
they will all be denoted . We introduce the following shorthand notation

Al(un, pn), (W, qn)] = an(wn, v1) + bp(Pr, v1) — bn(gn, wp).

To simplify the analysis we will assume that the exact solution (u, p) belongs to [H?(£2)]¢ x
H'(Q); it then follows that the formulation (2.5) enjoys the following consistency property.

Lemma 5. For u € H*(Q) and p € H'(Q) there holds
(2.9) Al(w — un,p — pn), (Vn, qn)] + Ju(e — up, v1) = R(u,p, vp)
for all (v, qn) € V" x Qn. Where the consistency error due to the nonconforming approz-
mation s given by
1 1
R(u,p,vp) = ) Z (2ue(u) - m, [vr]) oy + 2 Z (D [vn - ) o
K K

Proof This is an immediate consequence of the regularity hypothesis: if u € H?(Q)
then the trace of Vu is well defined and hence j(u,v,) = 0. The consistency error is
obtained by integration by parts,

S Crie(u), e(wn) = 3(~21 - (uw) v3) + 5 (2pe(ar) 7. 03]

K K
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and
=0V vk = (Tpo) — 5 3 (o ol

K

2.1. Preliminary lemmas. In this section we will prove some preliminary results that
will facilitate the analysis. The main result of this section is lemma 6 where we show that
that the jump-term (2.8) controls the difference between the convective derivative and its
quasi interpolant on the finite element space. This lemma is the key ingredient to derive
error bounds that are independent of the Peclet number. Then we prove the coercivity of
the bilinear form. The triple norm that we will use is given by

1/2

[l (wn, an)lII* = lloawnllf + 1" *2wnlf + IV - walli + ju(wn, wa) + cllan]|?

where ¢, is a constant depending on the problem parameters o, 1, 3 to be specified later.
Note that although for the Crouzeix-Raviart element V - u;, = 0 on each triangle the
formulation must include a stabilization of the jump of the normal velocity due to the
H(div, Q) consistency error. Therefore the triple norm must be chosen as a discrete norm
on (H(div,Q) N p'2[HL(Q)]?) x L3(22). The triple norm is dominated, at low Reynolds
numbers, by the H'(Q) contribution, and at high Reynolds numbers by the part of the
jump term controlling the inconsistency in the divergence. This latter term prohibits the
decoupling of the velocities and the pressure and the order of the estimate can be no
better that the approximation properties of the pressure space. We introduce the space of
functions that are piecewise linear on each element

V= [{y € L*(Q) : y|x € P(K)}]"

We now introduce a quasi interpolant based on local averages 7, : Y, — V},. Let x; be the
midpoint of the face shared by element K and element K’ then

(i) = {u(x;)} for x; an interior node
TR Ei) = u(x;) for x; a boundary node

In the following lemma we prove that the projection error is bounded by the jumps in the
gradient.

Lemma 6. Let 3, € V}, and wy, € V), then
1By, - Vwn — 7a(By, - Vwn))|* < jig(wn, wh)

where jg(wp, wy) is given by
je(wn, wy) = 275/ hichor=(By, - [Vwn])*ds
% OK\OQ

with hgg1 denoting the triangle size perpendicular to the side on 0K and g is a parameter
depending only on the number of space dimensions.
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Proof First note that (V}, - V)V, C Y} so that the projection 7, (8;, - Vw,,) makes
sense. Now consider any triangle K and note that using the Crouzeix-Raviart basis func-
tions {¢; 9, with ¢; associated with node x; we may write

d+1

Br- Vwilk =Y By, - Vwi(w)pi()

i=1

and
d+1

Th(Bh - Vwn) |k = > {8y - Vwn(z) }oi().
i=1
Taking the difference of the two functions in a nodal point yields
B - Vwn(@i)|x — {8y - Vwn(xi)} = B, () - [Vwn ()]
Note that if the node is on the boundary, the right hand side is zero. It follows that for
any K € 7, such that 9K NoQ = ()

(2.10) |[A2(By, - Vwy — 7By, - V) |1k

d+1

:/KhK (Z(ﬁh'v’wh(mz’)—{5h'vwh})%> dx
< /K hye (Zﬂh-[th]%) dz.

We now evaluate the integral using nodal point quadrature and note that since the nodes
of the Crouzeix-Raviart element are on the midpoints of the element sides this is exact for
second degree polynomials in two space dimensions, hence

(211) (B, - Vwy, — 7B, - V)% = ZhKTﬂh(wk) [Vay)?

k=1

]

il Bua) - [V ()

B
Il

1

where mpg, = faKk dx with 0K}, the face associated with quadrature point k. In three
space dimensions the midpoints of the faces has to be supplemented with the six midpoints
of the edges of the tetrahedron to yield an exact quadrature formula (with weights 1/15
for the midpoints of the faces and 3/20 for the midpoints of the edges). One may then
easily show that

(2.12) [|hi2 (B, - Vs — 7By, - V) ||%

ot

< § 2 i g (Bul@) - (Ve ()]

(=)
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It follows, using the Simpson quadrature formula in two dimensions and a quadrature
taking the midpoint of the face and the corner-points in three dimensions and noting that
the weight for the midpoint is #“1, that

(2.13) 1RY2(8), - Vwn — 7 (B, - Vwn) i < 7a /8K hichors (B, - [Vur])*ds.

Where v, = 1/4 in two dimensions and 74 = 10/9 in three dimensions. We conclude by
taking the sum over all triangles K € 7 noting that all boundary contributions vanishes
thanks to the definitions of the quasi interpolant. O

Remark 2. A consequence of the above proof is that the jump term edge integral may
be evaluated using midpoint quadrature on the faces. In fact the first part of the jump
operator given in (2.8) can be substituted by the discrete operator given by (2.11) in two
space dimensions and by (2.12) in three to get optimal values of the stabilization constants.
The integral formulation however still remains practical from a theoretical viewpoint since
it is consistent for H*-reqular solutions.

As was pointed out in the previous section we only stabilize using the jumps in the
gradient. However we need to establish a result showing the equivalence between the
jumps in the solution and the jumps in the tangential gradient.

Lemma 7. For the interior penalty term (2.8) there holds

S 120 2 ][ < cuwn,wn),

K
Z 122wy, - )3k < cju(wh, wh)
K

and
Ju(wp, wp) < cy|wpln
for all wy, € V},.

Proof By the midpoint continuity of the Crouzeix-Raviart element we note that we
may write, with ¢ a coordinate along e with midpoint &;,

[wi(O]]e = [t - Vw]le(€ = &)
and
[wr(§) - nfle = [(E- Vwy) - n]]e(§ — &)

Hence we have
JrwnePae = [t Vunlte - €%ae = 15 [ 1216 Vunrae

which proves the first claim. The proof of the second claim is equivalent. The last claim
finally is an immediate consequence of the trace inequality (2.4). O
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Lemma 8. For the consistency error the following upper bound holds
|B(w, p,vn)| < (cuhlullz,0 + ChlpllLa) ju(vn, va)

Proof Using the zero mean value property of the Crouzeix-Raviart space followed
by the Cauchy-Schwarz inequality we obtain

1/2
(2.14) R(u,p,vp) <c <Z 1h12(2)"* (e () - 1 — 7§ () - n)H%K)
K
1/2
' (Z ||u1/2h‘1/2['vh]l|%x)
K
1/2 1/2
+c <Z hic|lp — 7707hp||52)K) <Z hig || [vn - n]ll%x) -
K K

The claim now follows using the trace inequality (2.4), standard interpolation and lemma
7. O Let us now investigate the coercivity properties of the discretization of the

convective terms.

Lemma 9. For the convective terms there holds

(2.15) (B Vuy, up), = % Z (8- nlun], {ur})

K

Proof The result follows by integrating by parts elementwise in the left hand side
and using the equality [zy] = [z]{y} + {z}[y]. The integration by parts yields

(2.16) Z(B NVup, up) g = % Z /aK[B -nuy, - up) ds — Z(uh,ﬁ -Vup) .

K K
We rewrite the edge term in the following fashion

(2.17) (B nup - uy] =28 nfuy] - {us}
and the proof is completed using (2.17) in (2.16). [0 To prove the coercivity of our

operator we also need the following discrete Korn’s inequality
Lemma 10. For wy, € V;, there holds
Crelu"Pwnly, < 12p)' Pe(wi)|}, + ju(wn, wh).
Proof See Brenner [1]. O

The coercivity of our formulation is an immediate consequence of lemma 9 and lemma

10.
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Lemma 11. For all (wy, qn) € Vi, X Qy, there holds
CrluPwnlf, + 0" *wnl* < Al(wh, gn), (wh, gn)]
Proof First of all notice that the terms by (wy, py) cancel. We may write
Al(wn, qn), (wn, gn)] = [lo"Pwallf + [1(2) e (wn) |1} + (B - Vwn, wh)

5 (B mlwn). {wn))

Using lemma 9 for the convective term we get

1
(B Vwn, wi) = 5 XK: (B - nlwy], {wy}) =0.
The proof is then completed by applying lemma 10. U

3. STABILITY

In this section we will prove an inf-sup condition for our discretization vital for the
convergence analysis.

Theorem 1. (Stability). If (ug,py) € Vi, X Q) then there holds

31 cullwoplls  sup AP W0 Gl )
’  (wnan)EVixQr [ (wr, qn) |l

where the constant c;s depends only on the parameters p,o,3,y and remains bounded from
below when p — 0.

Proof We prove the above inf-sup condition in two steps. First we will prove that
there exists (wp, qn) € Vi X Qp, such that

(3.2) [l (e, ) I1* < Alwn, pn), (W, qn)] + Ju(wn, wi,)

and then we conclude by proving that

I[(wn, an) Il < Cllf (n, pr) Il
For the first step we note that by lemma 11 we have choosing w;, = wy, qn = pp
(3.3) CeluPunly + 02 wn|® + fulwn, wn) < Al(wn, pn), (wn, o)) + Julwn, wn)

To control the L?-norm of the pressure we note, following [8], that by the surjectivity of
the divergence operator there exists a function v, € [H}(2)]? such that V - v, = p, and
lvpl1.0 < ¢|lpn||. Therefore we now choose wj, = r,v, and g, = V - uj,. By the stability of
the quasi interpolation operator r;, we have

(3-4) [rapl| + lrnvpln < cllpa]-
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Moreover, using the definition of the quasi-interpolant r,v, we have

(3:5) lpull* = (pn, V- v,) = Z (lpn],vp-m), =

e

> Alpnl ravy - m), = (0r, V- a0

e

As a consequence of (3.5) we may write

(3.6)  Al(wn, p), (ravp, V - wn)] + Ju(n, 1ap) = [lpal* + ||V - wa||?
+ (auh, ’f‘h’Up) -+ (uVuh, Vrh'vp)h + (ﬁ : Vuh, ’f‘h’Up)

5 3008 mld, L, Roge + uean, vy

Using Cauchy-Schwarz inequality, Young’s inequality, and the stability (3.4), we readily
deduce

1
(3.7) (own, Tvp) = —collot*wil| = <llpal?,

1
(3.8) (2ne(un), €(ravy))n = —culpPunlj; — Sllpnll®,
and by applying the third inequality of lemma 7
. . 4 . 1
(3.9) (W, Thvp) = =g (wn, wn) 2 ju(ravy, Tav,) 7 > =i (un, un) — gHPhHQ-

It now remains to bound the convective term. An integration by parts yields

(3.10) (8- Vuy,rhv,) — %Z (B - nlun], {rnvp}) o

| —

= (un, B Vravy) — = Y (B n{un}, [rnvp]) o

For the first term we clearly have

(3.11) (wn, B - Vryvy) = =2¢||B]| L@ [[wnll|pal-

For the second we use the H'-regularity of v, the trace inequality (2.4) and the local
inverse inequality to obtain

1
(3812) 5> (B n{wb [, — vpl)ore = =23 1Bl lwnlloxc 1, — vplox
K K

— 1/2
> =2 1Bl (i lunllie + hucllanlld )2 Rid vy,
K

> —2Cc]| Bl (o [wnll [1pall-
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Combining (3.11) and (3.12) we obtain
1 1
(3.13) (B Vun, 11v,) = 5 > (B nlun), rvy) e > callund — Sllpnll®.
K
Using now (3.7)—(3.9) and (3.13) to find a lower bound for the expression (3.6) we get

, 1
(3.14)  Al(wn, pr), (ravp, V - wn)] + ju(wn, ravp) = Sllpall” + [V -

1/2 1/2

= Chopy (o Pun]|* + 1" Pl + ju(wn, un))

where
Cg C
Clopy = max (cg, 7 C—’é{, CW) )
Combining (3.3) and (3.14) we conclude that (3.2) holds for the choice
Wy = Uup + (20“057)_17%’017, qn =pn+ V- up.

More precisely we have, with ¢, = (2C,,5,) 7",

(3.15) %I|l(uh,ph)ll|2 < Al(wn, pn), (wh, qn)] + Ju(wn, wh).

It remains to prove that
[[(wn, an) ll < Cl|(wn, pr)

this is obtained simply by noting that

1/2

(3.16) [p'Pwsly < [pPunli + 1 Pomaveli <0 W Punlr + pcelpnl®.

Proceeding in the same fashion for the other terms in the triple norm yields

17 = |1 Pwnlf + llo w1 + ju(wn, wi) + 1V - wil® + gl

< | Pup i A (o PP + 5 (wn, w)
+2[V - UhHQ;r Clipnll®
Cll (wn, p)l

|| (wn, qn)
(3.17)

IN

and we conclude that

Cisll Ceen, ) Ceor, g )11 < 1 (e, )1 < Al(wn, pr), (wh, gn)] + Gu(wn, wh).

Clearly the constant ¢;4 is independent of h and furthermore it does not vanish for vanishing
I 0
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4. ERROR ESTIMATES

We will now proceed to derive a priori error estimates in the triple norm. The estimate
takes the form

Il (w —wn,p—pu)|ll < Ch

The energy norm estimate is independent of the Peclet number, indicating that the pro-
posed method should be stable for a wide range of Reynolds numbers when applied to the
full Navier-Stokes equations.

Lemma 12. (Approximation) Consider the projection (my pu, monp) of the exact solution
(u,p) € [H*(Q)) x H'(Q)
onto the finite element space Vj, X Q. For the projection error there holds
[ (m1,puw — w, mopp — p)l|| < Ch
where C < (1 + /2 +|B]Y2hY2 + 01 2h + Y2 |Ju|2.0 + cxl|pll1.0-
Proof By the optimal approximation property of the L?-projection we have
|02 (1w — w)| < coh?

and
| mo,np — p|| < Ch.

We now consider r,u — 7 ,u. Noting that ryu — m yu = 1 5(r,u — u) we obtain using
the H!'-stability of the L2-projection for the Crouzeix-Raviart element on locally quasi
uniform meshes, (see [5])

(4.1) IV (rru —mpu)||n < Cs||V(rpu —u)||n < CsCrh

and we conclude that
112V (w — 7 )| < cuh
and
IV (u—mpu)|, < Ch.

Finally we estimate the penalizing term j,(m pu — u, T pu — u)
3 / V(i — w)?ds <2 / (V(mpu — w)2ds
— Jok = Jox
<2 (b IV(mau — w)l[i + hicllul3 ) < Ch
K

where we have used the trace inequality (2.4) in the second inequality. We conclude that
Ju(mpu —w,mpu —w)'? < ey (14t + B2 RY)hlullo.0
O



14 ERIK BURMAN AND PETER HANSBO

Lemma 13. (Continuity). Let n = m p,u —u and ¢ = mop — p be the projection error of
the velocity and the pressure respectively, then there holds

A[("% C)? (wh7 qh)] + ju(777 'th) - R(’U,,p, wh)

< C(llm. Ol + (e + esh*)hl|a] 20 + Chllplle) lll (wn, an) I

Proof Clearly we have using Cauchy-Schwarz inequality

(om, wr) < Cllo* ||| (wn, 0)IIl < colll(m, )l (wn, an) Il

(2ue(n). e(w)) < Ol nlulll(wn, O < eulll(m, Ol (wns a)l-

Ju(m,wn) < [[(n, Ol (wn, gu)

We consider now the terms expressing the pressure velocity coupling. By the orthogonality
of the L2-projection my; we have

b(¢, wy) = (mopp — p, V- wp)p = 0.
Using once again the Cauchy-Schwartz inequality we readily obtain

b(an, ) = (qn, V- m)n < [[(wn, @) | {1l (2, Ol

It remains to treat the convective term and the nonconsistency term. Let us first con-
sider the convective term, an integration by parts yield together with the addition and
substraction of 3, yields

(12) (8- Fmwn) =53 (B nlnl, (wih) = —(n, (8- B,) - Vw) — (n, B, - V)

+%;<ﬁ-n,{n}[wh]) =]+I11+111.

The first term is controlled using a local inverse inequality and a local approximation result
for B — 3,,.

1/2

~
AN

< =l (Z 181110 (26) P [ Ve |

K
callnl| Cillwall < cgh?[[[(wn, gn)lll]l 2|2

IA

Using lemma 6 we have for the term 17
(4.3) I =((n,(By - Vwy — (B, - Vwn)))

< [l 2n[|RY2(8), - Vwn — T(8 - V)|
< R gu(wn, wa) < B (wi, an) [ w20
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For the term 1 we obtain using the trace inequality (2.4) and the approximation prop-
erties of the L?-projection.

1/2
117 < <Z<|ﬁ 2wy, [whpM) 18- 12 oy 1} lox
K

. 1/2
< j(wn,w) 2> 18 nll 2 e l{mHlox
K

< j(awn, wy)Pesh® ||ul)s.0.

Only the nonconsistent residual remains to be bounded and we conclude the proof by
applying lemma 8. U

Theorem 2. Let (u,p) € [H*(Q)]¢ x HY(Q) be the solution of (2.1) and let (wp,qn) €
Vi X Qp, be the finite element solution of (2.5). Then there holds
(4.4) 1w = un,p = pa)lll < (coh+ e+ csh'? + e, )hl|u] 20

+ Chllpnll1e

Proof ~ We will consider the discrete error ef! = my yu — ), and e} = m p — py, since
using lemma 12 we have
I[(w = wn,p = pu)ll] < [ll(w = 10w, p — moup) ||
+ [[I(7pw — wn, mo.np — pa) ||
< Ch+||[(m,pw — wp, monp — pa)l|
where C' is the constant given in lemma 12. By lemma 1 we have

hoh Al(el,el), (wh, qn)] + julel, wy)
) llten el = wne 0T

Using now Galerkin orthogonality we may write

A[(nv C)? (wha Qh)] + ]u(n> wh) B R(U’vpv wh)
where 7 = 7 ,u — u and ¢ = 7 p — p. We conclude the proof by applying lemma 13 and
lemma 12. [

Remark 3. Since the estimate is only first order, due to the low order approximation
of the pressure and the inclusion of the divergence in the triple norm, the virtues of the
streamline stabilization are not obvious. We could in fact proceed with an inverse inequality
in term II of (4.2) and still have the same formal convergence order of the triple norm.
It is however known that this would destroy stability of the velocities for problems with
important gradients. This 1s illustrated in the numerical section.



16 ERIK BURMAN AND PETER HANSBO

As we mentioned in the introduction the interior penalty method is independent of the
Reynolds number. Of course, for low local Reynolds number the numerical scheme is stable
without stabilization (except for the Korn’s inequality), so that the stabilization may be
eliminated. We will however show that this is unnecessary for our discretization by proving
that even when keeping the stabilizing terms our discretization has optimal L2-convergence
of the velocities in the local low Reynolds number regime in spite of the fact that 7z is
independent of p. Consider the dual continuous problem of seeking ¢ € [Hj(€2)] and
r € L3(Q) such that

op—0B-Vo—2uV-e(p)+Vr = e inQ,

Vg = 0 inQ

where e := u — uy,, and assume that we have the regularity estimate
(4.8) [Pl 520) + 7]l ) < lle]l-

We recall that since u, € W), and rp¢;, € W), we have V-e =0 and V- (¢ — rp¢p) =0
elementwise. Multiply the first line of (4.7) by e and integrate by parts to obtain

el = nfe. @)+ ule: 8) = 32y <(6): [eharc + 3

K

(4.7)

Where we have used the partial integration

—(€,8-V§) = > (B-Ve, @)k =2 (B-ne, d)yy
=2 k(B Ve, )k =33k (B nle], {B})x

and the divergence free property of the error and of ¢. Using Galerkin orthogonality,
the divergence free property of the interpolant and the zero mean value property of the
Crouzeix-Raviart element, we obtain

lel* = an(e, ¢ —rndp) + jule, ¢ —rn)

— 2 (2u(n - e() —75,n - (), [e])ax

— 2 k2u(n-e(@) —75,m - e(d)), [¢ — rad))ax

+ 2k (r = monr, [ - €])ox

+ 2k P = Tonp, [0 () — rud)])ox

(e, 0) (& — a5, O)II| + csule, )2 (N 16 — radpl3i)

(S b2 2 e(6) — - €@l e 0l

IN

2
w hillr = monr o))l (e, 0)]]

+
(S bl 2 e(6) — - e@) o) (@ — 6.0
+(X

i hillp — monp|| oo )1/2 (e — e, 0)]]].
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Using lemma 12, the trace inequality (2.4) and error estimates for r, and for piecewise
constant interpolation, we arrive at

lell* < Ch ([lI(e )l + hllwllmz) + Alplla @) (I¢lmw + Irllm@)
and thus we have

Theorem 3. Under the regularity assumption (4.8), the Lo—error in the velocities can be
estimated as

(4.9) lell < Ch* ([|ulln2@) + Ipllm@) -
5. NUMERICAL RESULTS

5.1. Convergence study in the case of small viscosity. Let
A= (' = (2 +16m2)"2%) /2.
Then the exact solution to (2.1) is given by

uy (21, 29) = 1 — 1 cos 27 1,

usg(xy, x9) = %6)‘ sin 27 @,

p =14+ C,
with 8 = u, 0 = 0 and a right hand side matching the exact solution. In our examples,
we also chose C' to give zero mean pressure. We solved this problem approximatively on
Q=(-1/2,3/2) x (0,2), using stability parameters v, =y = 1/100 and 5 = 1/4.

In Figure 1 we show the convergence for u = 1073, and in Figure 2 for p = 1075, Note

that the absolute value of the pressure decreases linearly with the inverse of p in Ly, which
is why the absolute error in pressure is smaller in Fig. 2.

—6e—  Véocity
o Pressure

log(L Z-error)
[$)]
[6)]

25 -2
log(h)

F1GURE 1. Convergence for = 1073
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-35+F

-4.5 -

—&—  Velocity
o Pressure

o1
5]
T

log(L Z-error)

3 2
log( h)
FIGURE 2. Convergence for = 107°

5.2. Stability in the Navier-Stokes case. We show the influence of the different sta-
bilizing terms for the lid-driven cavity flow in Q = (0,1) x (0,1) and with = 1073, In
Figure 3 we show the numerical solution of Navier-Stokes equations (with 8 = ) after 15
fixed point iterations, we present the solution using only upwind fluxes, as well as the fully
stabilized solution. Note that we do not get a wiggle free solution without the jump in
the convective derivative. On the other hand, in Figure 4 we show the solution obtained
using only the jump in convective derivative as stabilization. This solution is markedly

less diffusive, yet still completely stable.

5 e Do S N - e T T
I i S By PRt
:\:‘/;//l,/yﬁ‘\_)\x :’(///’?,—)9‘)‘\\\\
; T T At
P N BT e R N \ O N N S R N v
0 O Sl B L N W G I
DX e m A Ty PSRRI S O G ST FETC S S0 B Sl
v LT 4 v 7 v HE LA /
NN FE e B P B S LTSRN VO WG RSt P B o
v “ 7T v 4 A SR
G NN S SIS x:\i\:&,///;//
i S s IS L NS S
z T 7 ISR PR T B
- A I ENINT e L s o

FIGURE 3. Approximate solution of the velocities, left:with fluxes only and
right: with fluxes plus jump of the convective derivative.

5.3. Navier-Stokes flow over a step. Finally, we give an example of Navier—Stokes
flow over a step using increasing Reynolds numbers. The computational domain is given
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v i e e e e
A IR A A A A A A R

t
Sovivias vy S
\

FIGURE 4. Approximate solution of the velocities with jump of the convec-
tive derivative only.

by © = (0,4) x (0,1) \ (1.2,1.6) x (0,0.4), and the boundary conditions are: w = (0,0)
at the upper and lower parts of 0Q; u = (425 (1 — 23),0) at the inflow; natural boundary
condition at outflow (not traction free: the viscous operator was written as —uAw for this
example).

We give the velocities and pressures (shown L?-projected onto the continuous space
{v e C%N) : v|g € P(K),VK € T,} for ease of presentation) computed without the
edge fluxes, and compare in Figure 8 with a computation with fluxes. Clearly, the fluxes
introduce too much artificial viscosity into the method (at least when combined with the
gradient jumps). This could be improved by tuning the gradient jump parameter, but the
conclusion is that the flux terms are indeed not necessary.

6. CONCLUSION

We have studied a nonconforming stabilized finite element method for incompressible
flow. The velocities were approximated using the Crouzeix-Raviart element and the pres-
sures were chosen as piecewise constants. The numerical scheme proposed is of interior
penalty type and remains stable in all flow regimes without streamline-diffusion type sta-
bilization. Instead we stabilize the jump in the streamline derivative between adjacent
elements. We prove that this stabilization controls the part of the streamline derivative
which is not already in the approximating space, allowing an optimal order a priori error
estimate in the energy norm which is uniform in the Peclet (Reynolds) number. Moreover
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FIGURE 5. Approximate solution of the velocities and pressures at Reynolds
number 100.

FIGURE 6. Approximate solution of the velocities and pressures at Reynolds
number 1000.

the stabilizing term has the right asymptotic behaviour in the low Peclet regime and op-
timal order L? estimates for the velcities are proved in this case. We present numerical
results for different Reynolds numbers showing the robustness of the method and indicating
optimal convergence of the error in the L2-norm. We also test the stability of the scheme
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FIGURE 7. Approximate solution of the velocities and pressures at Reynolds
number 10000.

=

FIGURE 8. Approximate solution of the velocities and pressures at Reynolds
number 10000, with fluxes.

on the lid-driven cavity flow and observe that the jumps in the streamline gradient is the
most important stabilizing term.
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We believe that this scheme offers an attractive alternative to the ones proposed in [13]
and in [11]. We have stability for all Reynolds numbers and may still lump mass for efficient
timestepping.
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