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ULTRACONVERGENCE OF AN INTERPOLATED FINITE ELEMENT
METHOD FOR SOME FOURTH-ORDER ELLIPTIC PROBLEMS

ANDREY B. ANDREEV AND MILENA R. RACHEVA

ABSTRACT. We introduce nonstandard interpolated finite elements providing better ac-
curacy for a fourth-order elliptic boundary value problems, as well as to the biharmonic
eigenvalue problems. The term ”ultraconvergence” indicates that the convergence rate is
at least two orders higher than the optimal global rate. This method is a variant of a
postprocessing procedure when the known finite element solution is used. Moreover, a
posteriori error estimates of global ultraconvergent type are derived.

The presented approach is applicable for the general rectangular finite element meshes.
Some numerical results illustrate the efficiency of the proposed algorithm.

1. INTRODUCTION

In recent years, superconvergence and ultraconvergence for finite element (FE) solutions
have been an active area in numerical analysis and its applications. The main objective of
this field of studies is to improve the existing approximation accuracy by applying certain
postprocessing techniques which are relatively easy to implement.

Zienkiewicz and J. Zhu [16, 17] developed an effective error estimation technique of finite
element approximations. Their method falls into the category of recovery-based methods.
This a posteriori error estimation technique approximates the error in energy or an energy
norm on a particular partition. There are many ideas which are closely related to the
recovery technique (see [7, 13]). Mathematical proofs for the derivative patch recovery
can be found in Li and Zhang [6]. For instance, there are proofs for some finite element
methods under special assumptions of the partition and, in Q. Zhu and Zhao [15], for one-
dimensional correction to the finite element solution. Relative references on a posteriori
error estimation and adaptivity could be found in Ainsworth and Oden [1], and in Verfiirth
[11].

Our aim of this paper is to establish an ultraconvergence result for planar FE approxima-
tions of the elliptic fourth-order problem by using an interpolated FEM approach. Similar
considerations are presented by Q. Lin et al. [7] for second order elliptic problems (see also
[14]).

Supercloseness of a nonstandard nodal interpolant is exploited in this paper. This is
done in order to develop postprocessing schemes to improve the approximation order of
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2 ANDREY B. ANDREEV AND MILENA R. RACHEVA

Auy, from O(h?) to O(h®), especially when polynomials of degree four in each variable
are applied in FEM. An ultraconvergence result for fourth-order eigenvalue problems is
obtained by means of a theorem proving the supercloseness between the Ritz projection
and the corresponding approximate eigenfunction.

By applying the method ultraconvergent results are obtained without using higher ele-
ments. This procedure is based on a higher interpolation of the FE solution on the original
finite elements.

Here follows the general layout of the paper: In Section 2, we present a review of a model
for a fourth-order problem and its finite element procedure. In Section 3, we construct an
auxiliary interpolation operator 45, which verifies certain ”vertices-edges” conditions. The
main body of the paper contains the proofs of superclosed properties, generated by the
operator i,. This is presented in Section 4. Section 5 is devoted to the construction
of high interpolation I, and the proof of a global ultraconvergence error estimate. In
Section 6, we show that the method yields an ultraconvergent scheme for a fourth-order
eigenvalue problem. The paper closes by some numeric examples illustrating the theory
and concluding remarks.

2. SETTING OF THE PROBLEM AND FEM
Let us consider the fourth-order elliptic model problem:
(1) Au(a,y) = f(z,y), (z,y) € Q,

with boundary conditions

) u(r,y) = To(a,y) =0, (xy) €T,

where 2 C R? is a simply connected polyrectangular domain with boundary I' and v is
the outher normal vector.

Let H™(2) be the real Sobolev space for a nonnegative integer m and their associated
norms ||« ||m. and seminorms |-|,, o. The weak solution of the problem (1)- (2) is a function
u(z,y), belonging to V = HZ(),

H2(Q) = {v € H*(Q): vlr = %\p = 0}
and satisfying
(3) a(u,v) = (f,v) Yo eV,
where
a(u,v) = /QAuAv dx dy

and the notation (-, -) is adopted for the Ly(€2)—inner product.
Obviously the a—form is symmetric and coercive on V, i.e.

alu,v) = a(v,u), pllvll3g < a(v,v), Vu,v € V.
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where p is a positive constant. Moreover, it is continuous:
a(u, )] < Cllullagllvllzn, Yu,v € V.

Henceforth, C' represents generic and positive constant.

Consider a family of regular partitions 75, of Q consisting of rectangular finite elements
T, which fulfill standard assumptions [5] and suppose that this family satisfies the inverse
assumptions ([5], p. 140). Here h is a FE parameter. We denote by @ the set of
polynomials of degree k£ at most in each variable.

Let V}, C V be finite element spaces associated with the partition 75,. Assume that the
polynomial space in the construction of Vj, contains ),,, n > 3. Our aim for constructing
an ultraconvergent interpolant requires n > 4. In order to avoid technical difficulties we
confine the considerations to the case n = 4.

Then

Vi={vel'Q)NV: vyreQuT) VT €7} .
Let P, : V — V}, be the elliptic projection operator defined by
a(u — Pyu,v) =0Vu € V, Yv € V.
It is well-known (see [8]) that if the solution u(z,y) of (3) belongs to H?(Q) NV, then
@) = Paalln < CH¥ulls

We shall construct a nonstandard interpolation operator which improve the optimal
estimate (4). Two principal steps are performed for this purpose. The first one is to prove
a local supercloseness in energy norm by means of special interpolation operator i;, and the
second one is to prove a global ultraconvergence to Iy, P,u, where the operator Iy, verifies
certain ultraconvergence properties.

3. CONSTRUCTION OF THE OPERATOR ip

Consider the partition 7, = |J7', where for any finite element 7" its center is denoted
by (xz7,yr) and its element dimensions in x and y-direction are denoted by hqr,hor,
respectively. The following denotations are also adopted:

hT = max(hlvT; h2,T)> h = rTneax hT.

Also, the vertices and edges of any element 7" are noted by s; and [;, j = 1,...,4,
respectively.
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Taking in consideration the case n = 4 we introduce the interpolation operator i;, : C'(T) —
Vi(T) using the so-called ”vertices - edges” conditions: Yo € CY(T) and j =1,...,4

, Oipv Oov
inv(s;) = v(s;), ﬁ(sj) - %(SJ),
dipv ov A%ipv O%v

8—y(8j) = 8_y(8j)’ —8x8y (s5) = —8x8y (s5),
() Oipv ov
, h
/‘ ipv(z,y)dl; = / v(z,y)dl;, W(m,y} dl; = , E(x,y) dl;,

L lj lj

/ihv(agy) d:pdy:/v(z,y) dx dy.
T

T
It is evident that i,v = v for any v € V},. Let us remark that

linv = vllz0 < CH[v]l50.

In one-dimensional case (see [3]) the basis determining the operator iy, is {¢;(t)}5_,, t €
[—1, 1], where:

0 15 4 30 —12 -7\ [ ¢
oa(1) N
os) == 15 0 -30 o 15|
pa(t) 61 —15 4 30 12 -7 || ¢
o5(1) 5 4 -6 —4 1 1

Then, for the two-dimensional case the basis is obtained by the products p;(z).¢s(y), i,s =
1,...,5, 1e. is {¢;(z,y)}32,. Moreover,

25
. N r—ITr Y—yr
’Lh’U((L’,y>|T - Zvj'¢j ( th ) ) 5

= hQ,T
where 5
v
Ugi3 = i), Vaima = hir—=—(5i),
V43 U(S) V4i—2 1,Tax(3)
ov 0%v
Az'— = hor— Z’?Ai:hf hor——— i7.:17"'74—;
Vg5—-1 2’T8y(8> (o 1,7 2’T0x3y(8) 1

. 1 R h ov ‘
V2i+15 = E / v(agy) dx, Vgit16 = ﬁ a—y($>y) dx, i =1;3;
T J; T J

. 1 R h T 811 .
V2i115 = E v(z,y)dy, Vsit16 = h;—T a—x(%y) dy, 1= 2;4;
) ll ) lz

1

hirhor

Vo5 =

/ v(z,y) de dy.
T
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Remark 1. It is easy to see that iy, satisfies the Ct—condition. That is continuity of the
function ipv and continuity of its first derivatives across the interelement boundaries.

4. SUPERCLOSE PROPERTIES OF iy

This section presents important error estimates which are related to the interpolated
finite element method. The difficulties for fourth-order elliptic problems arise from the
availability of the mixed derivatives in the variational bilinear a—form. However,

(u,0) / 0?u 0% N 0Pu 0% N 0%u 0*v

a(u,v) = il

q | 02 Ox? 0xdy 0xdy  Oy? Oy?

This presentation is not unique in terms of subject-matter (see for example [10]).
Let us introduce the following error functions for any 7' € 7:

dx dy.

1
E(x) = 5 [(:E —z7)? — hiT] ,
1
F(y) = ) [(y - yT)2 - h%,T} .
We use the identities:
1 (5)
— - __[E3
T — 90 [E(x)] ™,
() 2
(x —27)? = 1 [E4(x)](6) + M
g 1260 7
Further, we use another pair of identities:
1 5 h? 5
(e—wr) = o [B@]Y + 5 [F@)]7,
(7) y y
1
_ 4 _ 5 (6) LT T4 6) , "1
(e —or)t = g [BP@IT + 555 [E @I + 5

The following Lemma gives some integral presentations by means of error function E(x):

Lemma 1. Let v(z,y) be a sufficiently smooth function defined on T, T € 73,. Then
0
(i): ]f/v(x,y)dy: / a—v(x,y)dy: 0, i =2;4, then
li 1; OF

1 v
[@—artendedy =~ [ P@TE ) dedy
5 1 N
(8) T(w—arT) v, y)dedy = -5 TE(CU)%(x,y)dxdy

h% T 65’0
——= | E*(z) dz dy;
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(ii): If/v(x,y)dy:/@(x,y)dy:/v(x,y)dxdyzo, i =2;4, then
l; , Ox T

1 d5v
/T (z —wr)o(z,y)dedy = 5 . B ()55 (x,y) du dy;
. 1 5, 0%
(9) (@ m)(zy)dedy = o | B (@) () dedy
h3 v
+18150 /TE4(x)%(x, y) dx dy.
Proof. The four equalities (8) and (9) are proved by using identities (6) and (7) for the terms
(x —zr)', i=1,...,4. The Green’s formula and the above conditions are applied. OJ

Next, other identities related to the two error functions F(z) and F(y) are needed:

1 3 3h?
@-ar) = £ [B@]Y + ZL@-an),
(10)
1 6h? 3hi
(@—ar) = 5 [E@]Y + =@ ) -
and correspondingly
1 3 3h32
v = F[F]Y + S,
(1)
1 4 6h2 3ha
-u)' = g [FW]Y + - -
Lemma 2. Suppose that for sufficiently smooth function v(x,y)
az’—i—jv o
W(sk) =0,17=01
ov
vdl = —dl= [ vdxdy=0, k=1,....,4,
Ui Ui v T
4
then the following six relations for the function (v — x7)'(y — yT)j(%iigy2 when 1,7 €

{0,...,4} are valid:
(Rl) For Z?] - 07 17 27

; ; v _
T(if—QTT) (y —yr) dedyzo,
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(Rz) For j =0,1,2 and, by analogy fori=0,1,2

[y e 5y dwdy =~ [ B e 5y ded
T x xT y yT ax2ay2 €z y_ 15 T x y yT ax56y2 X y7

i 641) 1 3 i 672]
/T(x—xT) (?/—yT)aQa 5 dedy = 15 F()(x—xT)dedy;
(R3) Forj=0,1,2 and i =0, 1,2, respectively
4

0 1
. 4 - - 4

i 84/(] 1 i 88’(]
/T (x—27) (y — Z/T)A‘W drdy = 105 /T F(y)(z — a7) 922045 dx dy;

(Ry) Fori,j=3

v v
/T(x—xT)?’(y—yT)?’& 202 dr dy = /TE?’(J?)(?J—?JT)?’W dx dy
h%T 3 o™
o5 TF (y )(x—xT)a 2y = dx dy;

(Rs) For (i,7) = (3,4) and (i,7) = (4,3), respectively

/(m—x iy — =20 iy = = [ BY@) (- g =2 drd
. T)\Y—Yr D220y? ?/—105 Y—yr D250y? Y

203 ) a? h4 v
. ) . F3 F3 .
v 1 O™
o 3 o 4 ~ ¥ - = F4 o 3_ 7 v
35 / (v = yr) B(2) 55,2 v dy + 175 (%) gz 4T 4V

/T(:r —on) (Y —yr)' oo 77 47 W = 1g5 E'(x)(y — yT)4axﬁay2 dx dy
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o /< PPy s drd —h%’T/F“() 0 v
245 J, 0TI W g20,6 Y T 1005 |7 W aazgys Y

Proof. Direct calculations proves the first relation. The next one follows by presentations
of (x — xr)® and (y — yr)® from (10), (11). Then integrating by parts and using (R;) we
obtain (Ry).

By way of analogy with the previous case the relation (R3) is connected with the pre-
sentation of (z — zr)* and (y — yz)?* from (10), (11).

In order to prove the cases (R;) and (Rj5) we transform (x — )3 and (x —z7)* by means
of (10). Then, after integrating by parts we use the relation (Ry).

The last case (Rg) follows from the presentation of (x — z7)* in (10) and from the
corresponding equality of (R3). O

Finally, the last two lemmas make it possible to formulate a superclose property con-
cerning the interpolation operator i;,. This important result will be proved in the following
theorem:

Theorem 1. Let the solution u(x,y) of problem (3) belongs to the space H(S)). Then, for
any v € V()

(12) a(ipu — u,v) < OR||lul|7.allv]20-
Proof. Let us denote U = ipu — u. The three ingredients of the a—form a(U, v) have to be
estimated. It should be noted that both terms

02U &% 02U 5w

———dxd
o 0y? 0y? B

217 9%
Step 1 Consider ggg dx dy, Yv € Vj,. So, for (x,y) € T, the second factor is
- y? Oy?
expanded as follows:
82 4 x _ xT s 952y
Z sl Ors0y? 307, y);

s=

0
taking into account that v(z,y)|r € Q4(T ), consequently
83—4—2

0*U 82 (x —zp)®

Ter, s=0

The first term (s = 0) in the right-hand side of (13) is cancelled. This fact follows by
definition of U(z,y) and using Green’s formula, i.e.

0*U 0*v

. ¢ O O

(zr,y) dv dy = 0.
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In order to transform the other components of (13), it has to be verified that the functions
0?U 9% ( ) )
——(rr,y), s=1,...
Oy? Oxsdy? Y
fulfill the conditions of Lemma 1. Hence, the relations (8) and (9) will be satisfied for
s =1;3 and s = 2;4 respectively.
Let i =2;4 and s = 1,...,4. Integrating by parts reveals that:

4,

82U 85+2U oU as+2v yr+ha T
R dy = +higt) 5
T T T T T W
oU %y o+ yrther
15 e dy = —Uler+hiry) —"
= . Oy dagyp Y W ) gl
85—1—4

a864( r,y)dy = 0.

By analogy, it is easy to get the equality:
0 [0°U 0°T%w PBU  §5+20
( 6) /ll ox |:ay2 axsay2 (xTa y):| Yy y 8x0y2 axsay2 (.TT, y) Yy ,

having in mind the definition of U.
For s = 2;4 and using the Green’s formula we get:

U 552 oU 6512y
-7 dedy = d
By Dy ) </z /z) oy dray Y M
oU o+ o
17 - —— dedy = d
17) 7 Oy 8x88y3(xT’y) B </zd /h) 9=y Dy oY)

85+4U d d
+/TU8T8y4(xT’y) xdy = 0.

62[] as+2
Then, in view of (15) and (16), applying (8) of Lemma 1 for the function

agasay( y)

with s = 1 and s = 3 respectively, we obtain:

0*U v
/T(x—iﬁT)a—ygw(xT,y) dx dy
(18)

1 Ou v
=— | E?
90 / (v )8x58y2 Bz Ty de dy:
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(‘TT7 y) dx dy

/ (v —27)3 02U O
- 3 Oy? 030y?

1 4 d"u v
(19) -~ 420.3! /TE (z) 0x30y2 0x30y? (zr,y) dx dy

Wi Ou v
i | d dy.
Jr210.3!/T (x)axsayz 6x36y2(xT’y) xray

Similarly, we get:

/ (v —2p)20°U '
T

o 02 utggE Ty drdy

]_ a8u 84’(]
- E4 .
1260.2! /T () D50y 0x20y2 (vr,y) dz dy;

(x — $T)4 azU 66,0
/T 4! ay2 ax4ay2 (.T, y) dx dy

1 88u 861)
e — E5
4725 41 /T (%) 5502 arigyz (&) 4o dy
h% T Pu 9%
_ ] E4
1890.4! /T (33) ax68y2 ax4ay2 (ZE, y) dx dyv

having in mind (15)-(17) and applying (9) of Lemma 1 for the same function with s = 2

and s = 4 respectively.
It is possible to reduce the requirement for high smoothness without loss of accuracy.

Indeed, using the identity
[E*(x)] = kE*Y(2).(z — 21), k = 4;5,
the last two equalities may be written in the form

/ (v —27)20?U M
T 2! Oy? 0x20y?

(xp,y) dz dy

(20)
_ 1 3 o"u 0*v .
N 315.2! /T E (ZE)(Q? B xT) a$58y2 ax2ay2 (xT> y) dx dy,
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(x —27)* 02U 0%
/T 4! Oy? Ox*0y? (x,y) dwdy

1 A Ou
(21) 94541 /TE (#)(z = or) 0x50y? 0x*0y? (v,y) dwdy

h? Ou 0%

) E3 _
1890.3! /T (@) = 0) g 557 ariay?
The right-hand side of (18), (19) and (20) can be transformed for v € 7, by the identity

(z,y)dzdy.

+

4

T — i—s ai+2v

88+2,U

W@T;y)

i=s

From (14), (18)-(21), using the inverse inequality [5], we obtain

o dedy < Wl bl
consequently,
2 oy dndy < CHulalv o
and by analogy
(23) s dndy < CHlulsal o

Step 2 Here we consider the mixed term of the a—form. Let’s consider that the following

equalities hold:
0*’U 0% 0*U 811
2 | Feog auay T = 2 0oy Ox
Ter, 7T roy oxoy Ter, ls h roy :r
PU O 63U
(24) B Z / Oxdy? Ox dvdy = - </ /) 8x8y
TET) TET)
—i—j;/Tavadxdy :g/TaTﬁyzvdxdy’
Th Th

02U ov PU

— and ———
0x0y Oy 0x0y?
x and y—axes, respectively. For the line integrals we integrate over the common side of
each pair of two adjacent elements with the same integrands, but in opposite direction.
For integrals over any parts of I' the function v vanishes.

v are continuous on the edges, parallel to the

because the functions
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Consider the following presentation for any v € Vj:
4

1 ; ; 0
v(z,y) = Z ﬁ(iﬂ — 1) (y — yr) W@T,yﬂ V(z,y) €T.

i,j=0 "
Combining this equality with (24) we get:

U . (x —z7)(y —yr) U 0o

We shall estimate each term in (25) using the relations of Lemma 2.
First, from (R;) for i,7 = 0, 1,2 it follows that

T il7! 0x20y? 0x'OyJ
Next, the relation (Rz) for 7; j = 0, 1,2 respectively gives

(v —2r)’(y—yr) U Mo
/T 35! 0x20y? 0x30yJ (@7, yr) dv dy

(z7,yr) dz dy = 0.

1 3 j 87u 83+j1)
- . dz dy;
15.315! /TE (@) = vr)' 555,72 augy o yr) dv dy;

(27)

(z —2p)'(y —yr)® 0'U 0"
/T 113! 0x20y? Oxidy3 (xp,yr) de dy
1 R Ou O3y
154131 /T (@ = 20) P W) 53,5 gaigys o yr) do dy.
By analogy with (27), using (R3) for i;j = 0,1, 2, we obtain the next two equalities:
(v —2r) (y —yr)) O'U 9"
/T 415! 0x20y2 dx40y? (@7, yr) dv dy

1 A i Pu 0"
- - . dx d
105.4151 /TE (@) = vr)' 5 55,2 gaigy o vr) 4 dy

_ 1 3 j aYU/ a4+j1) )
~ 105.315! /TE (@)@ = 20)y —yr)' 5553 grag,: (Cr-yr) dr dy;

(28)

(x —ar)'(y—yr)* 0'U 9
/T ! S0y iyt ) 4y
1 ; Bu  Jtw
~105.04! /T (z —2r)'Fi(y) 0220y5 i 0y* (w7, yr) dx dy
1 : u O+
- 105.i!3! /T (x N xT) (y N yT)Fg(y) a$28y5 ax18y4 (xT7 yT) dl’ dy‘
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From (Ry) it follows that
/ (x—ar)’(y—yr)® O'U v
T

(xT, yT) dr dy

313! 0x20y? 0x30y3
1 5 3 0w

h% T 3 a7u 6621
25381 /T (x—ar)F (y)8x28y5 BRI (@7, yr) dz dy.

Introducing the equalities for sufficiently smooth function U

U PU
4 e — . 3
/TE (x) 56 dx dy 4/T(x xp)E (x)—aa75 dx dy,
U oPU
| P dedy=—1 [ -y P s dedy,
T Y T Y

from the relation (R;) we get

/ (v — ZET)4(?J - ZUT)3 o'U v
T

(93T> ?/T) dx dy

413! 0x20y? 0x*0y3
1 5 s 0w 9™
_ _ _ dx dy.
2h3 u O

I L _ 213
3513 /T(”“" er) FY) 5 mg5 aatgys o yr) de dy

hir 0"u O™
[ FS d .
175.4!3!/T (y)8x26y5 Dty (xp, yr) dx dy

Similarly,

_ 3 _ 4 4 7
/ (x —27)°(y —yr)* O'U 0" (zr, yr) dz dy
T

314! 0220y? 0x30y*
1 o"u O™
B 105.3!.3! /T (x B l’T)3(y N yT)F3(y> 8x28y5 8$38y4 (‘TT> yT) dx dy'

2h§,T 3 9 O"u v
35.314! /;E (#)(y = yr) 025052 D50y (r,yr) dz dy
_hgi’T/ 3() a7u 6721 (x )
1753141 |, or50y? azsayt YT

(31)

+

dz dy.

By analogy

_ a(,, 4 a4 3
/ (x —27)*(y —yr)* OU v d dy
T

44! 0x20y? 0x*0y*

1 5 , 0w O
_ _ _ dy.
105.41.3! /TE (#)(z = 2r)(y = yr) 0xP0y? dx* oyt dz dy

(32)

13
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2h2 ) 5 Ou  Pv
+245.4!4! /T (v =r)(y =yr) () 0x20y® 0x40y4 dz dy
hi ¢ 5 Ou v
12254141 (v =yr) ") 0x20y® 0x*0y* dz dy.

In the right-hand sides of (27)-(31) we apply the equality

9tiy 1 (z— @)y — yp)iod Giotioy
ory) = 304 (@0)

FEEw lio—)ljo—J) Bzodym

10=1%,J0=]
for corresponding values of 7 and j.
Thus, from (26)-(32) and using the inverse inequality, we obtain

U 0%v
dx dy < Ch?
7 0x0y 0xdy ray = rllullzrllvll2r,
and consequently,
PU 0%
33 dxdy < Ch? .
(%) o Oy dzdy T = [ull7.allv]|20

Accordingly, the three terms of a—form are estimated. Hence (22), (23) and (33) prove

the theorem.
As a consequence of this theorem the following ultraconvergence result holds:
Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then
(34) linu — Prulla.o < CR®||ull7.q-
Proof. 1t follows that (a = const):
allipy — Pyull3q < alipu — Pyu,ipu — Pyu) (V-ellipticity)

= a(ipu — u, ipu — Pyu) (elliptic projector)
< Cllinu — ul|2.0lliny — Prullaq  (continuity)

S Oh5HU||77Q||ZhU — PhUH2,Q (fI”OHI (33)

5. HIGH INTERPOLATION OPERATOR I, - CONSTRUCTION AND ESTIMATIONS

OJ

First, let us consider the one-dimensional case. We keep the same notation for one-
dimensional FE partition, namely 7, = {[pi—1,p:], ¢ = 1,...,n}. Without loss of generality
one can suppose that n is an even natural number. Then the elements of 7, are combined

by pairs of adjacent elements. A new FE partition is defined by

T: n
Top = {[ka—2>p2k—l] U [pok—1,p2k), k=1,..., 5} ‘
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The interpolation operator 5, is characterized by the following conditions for every finite
element belonging to 7o, and every smooth function v:

I2hv(pj) = U(pj)a .7 == Qk - 2a 2k - 17 ka
[Lnv] (pj) = ' (py), j =2k — 2,2k — 1,2k;

Dj+1 Pj+1
/ Lpv(z) dx = / v(x)de, j =2k —2,2k—1.
Dy bj
For instance, it is possible to obtain the following basic functions defined on a reference
element, i.e. for t € [-1,0] U [0, 1]:

1

Pir(t) = iEtQ(L—-w2ci72t34—95t2q:14t—-33)
1

Va:s(t) :-Eﬁu—w%&%t%?—%¢3$,
1

V3.6(t) :-Eﬂu—w%1+w%%¢6uy

Pa(t) = (1 =121 +)*(1 - 7t?),

Ps(t) = (1 —6)*(1+1)%(1 — 2t)(1 + 2t).

By affine transformation

T — Pog—1
t = ——F—,
h

where
h— { D2k — P2k—1, T € [par—1, P2t
P2k—1 — P2k—2, T € [Par—2, Pok—1);

it is not difficult to obtain the basic functions ¢;(x), 7 = 1,..., 8 for any element [po_2, pog—1]U
[P2k—1, P2x] € Ton-

The set of degrees of freedom is v(p;), hv'(p;), j = 2k—2,2k—1,2k and + fli_j“ v(x)dz, j =
2% — 2,2k — 1.

For 2—dimensional case the basic functions are defined as a product of two one-dimensional
basic functions, i.e. v, (x,y) = ¥i(x)Y;(y), 1,7 = 1,...,8. Consequently, the degrees of

freedom are: (i) the values of v, 2%, 2% and v o1 the vertices of the four subrectangles

’ Oz’ Oy 0xdy
T, € 1, s =1,...,4 such that Ui‘zl Ts € Top; (it) the integral values of v and % on the
edges lj of Ty € 7,, s = 1,...,4; (dii) the integral values of v on the four subrectangles
T, s =1,...,4 multiplied or devided by the corresponding sizes characterizing the mesh
of 7 h-

In this way the operator Iy, is defined on the mesh Ty, of size 2h, obtained as a result
of arranging in groups of adjacent elements Ts € 7, s = 1,...,4. Let V3, C V be finite
element spaces associated with 7o,. Then V5, consists of polynomials of degree 7 at most
in each variable.
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By constructing oy, the following properties are valid:

(35) Loy 01y, = Iop,
(36) | L2n0]|r0 < O]l YV € V3, r=0,1,2,

because the interpolation operator I, : Vj, — IN/% is bounded.
Finally, having in mind that the interpolation polynomial I5,v is of degree seven, it
follows

(37) 11200 = vll20 < ChC|Jv]|7.0.

The next theorem contains the main estimation:
Theorem 3. Let u € H'(Q)). The following estimate holds:
(38) [ Ion © Pot — ull2,0 < CB?||ull70.
Proof. Applying (35), brings to

Ly o Pyu —u = Iop o (Pyu — ipu) + (lopu — u) .
From (36) we have
| I2n, © Phu — ulla.q < || Pou — ipullag + [ Tonu — ul|2.0-

Using (37) and Theorem 2, we complete the proof. O

6. ULTRACONVERGENCE FOR BIHARMONIC EIGENVALUE PROBLEM

Here we present a direct application of the result obtained in the previous section.
Consider the following fourth-order elliptic eigenvalue problem: find A € R, u(z,y) €
V,u # 0, such that

(39) a(u,v) = ANu,v), Yo € V.

Introduce an approximate eigenvalue problem, which corresponds to (39): find A\, €
R, up(z,y) € Vi, up, # 0, such that
(40) a(up,v) = Ap(up,v), Yv € Vj,.

The assumption here is that the FE space V}, uses polynomials of degree four. A more
general case is discussed in [2]. That being the case, it is well known (see [4, 8]) that the

rate of convergence of FE approximation to the eigenvalues and eigenfunctions is given by
the following estimates:

(41) A=l < CRull3 g
(42) [u = uplla0 < CAR?|Jull50.
The solutions of (39) and (40) are related to the Rayleigh quotient
)= a(u, u) and A, — a(up, up)

(u, u) (un,un)
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First, let us estimate the difference u;, — P,u in H?—norm of higher order of accuracy
as compared to the estimates (4) and (42). This special feature of both functions is called
to satisfy a superclose property (cf. [12]).

An important result related to the ultraconvergence patch-recovery for approximate
eigenpairs is presented by the following lemma:

Lemma 3. Let the eigenfunction u(z,y) € H>(Q) NV and let uy, be the corresponding FE
approzimation obtained by (40). Then

(43) [un — Prullo.o < Ch°llulls 0.
Proof. What is obtained from the ellipticity on the FE space is (p; = const):
p1llun — Phu||§7Q < a(up — Pyu,up — Ppu).
Let us denote u, — Pyu = 2, € V},. Using the orthogonal property of Py, it follows that

pillznllza < An(un, zn) — a(Puu, 2n)
= (An, — A)(up, 2n) + AMun, zn) — alu, zp)
= (A — M) (up, 2n) + Mup — u, 2n) + AMu, 2,) — a(u, zp)
= (An, — A)(up, 2n) + AMup — u, z)

< A = Anlllunlloellznll2.0 + Mun — ull-1.ollznl]10-

Note that in the last step we use the duality in negative norms. The estimate (43) follows
from (41) and the inequality [9]

lun, = ull 10 < CR®[lul5.0-
0J

In order to prove our main result concerning the ultraconvergence patch-recovery to the
approximate eigenpairs we need the following lemma:

Lemma 4. Let (A, u) be any eigenpair obtained by (39). Then for everyw € V and w # 0,
the following inequality holds:

a(w, w) lw —ull50

(44)

| <e

(w,w) (w,w)

Proof. Denote w —u = ¢ € V = HZ(2), consequently w = u + . Hence the estimate (44)
is equivalent to

la(u+ @, ut+ @) = Mu+p,u+ )| <Cllel3g YveV.
We transform the left-hand side of this inequality:
|a(u, w) + 2a(u, ¢) + alp, ©) = Au, u) = 2A(u, ©) = A(p, )|
= la(u,u) +a(p, p) = AMu,u) — e, 9)|.
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Giving an account of a(u,u) = A(u,u), it follows from the continuity that

la(u+ @, u+ @) = Mu+p,u+ @) =lale, @) — e, )|
< Cillell3a + Alellsa

< Cllell.e;
which proves the lemma. O

The main result of this section is contained in the next theorem:

Theorem 4. Let (A, u) be an exact eigenpair and (A, uy) be its FE approzimation. Assume
that the conditions of Theorem 3 and Lemma 3 are fulfilled such that the ultraconvergence
estimations (38) and (43) hold. Then

(45) [ Lopun, — ull20 < Ch?||ull70,

a(IQhUin Izhuh)
(IQhUha [2huh)

(46) — Al < CROJulrg.

Proof. The estimate (45) can be proved by Theorem 3 and Lemma 3:

HI2huh - UHzg < ”IQhuh - IthhUHz,Q + ||I2hPhU - U||29

< || Lanl|[|un = Prull20 + | Ton Pru — |20
The interpolation operator I, : Vj, — ‘7% is compact. So

||f2hUhH2,Q

| Io1|| = sup < const.

oevi, |lvnll20
Therefore
| Lonun — ull2,0 < C1h®|Julls.0 + Cob’|ull7q.
In order to prove the inequality (46) Lemma 4 and (45) should be used:

a(lopun, Lopup) [ Lanun — U”%Q

-\ <C
(Lonun, Ionun) o

[ Ionunl|3

< ChPull? o-

7. NUMERICAL RESULTS

Consider a simple model problem of a thin bar of length [ which is simply supported at
its endpoints. The flexural rigidity and the density of the rod are units. Accordingly, we
solve the following differential system:

u'' = I, x € (0,1),
u(0) = u'(0) = 0,



ULTRACONVERGENCE OF AN INTERPOLATED FINITE ELEMENT METHOD

TABLE 1. the error ||u; — up 2.0

N, j=1 j=2 j=3
8 | 1.1 x1072 0.16 0.88
16 1.3x 1072 | 1.9 x 1072 0.19
32 1.7x107% | 25 x 1073 | 2x 1072

TABLE 2. the error ||uj; — lopun ;|20

N.| =1 j=2 j=3

8 | 3.6x107° | 1.9x 1073 | 6.8 x 1072

16| 23x107° | 7.1 x 1073 | 2.6 x 1072

32| 91x107¢ | 29x107* | 9.5x 1073
u(l) =u'(1) = 0.

The exact eigenvalues \;, j =1,2,... satisfy the equation (k; = %j):
cos kjl cosh k;l =1,
and the exact eigenfunction are

uj(x) = C'|[(sinh k;l — sin k;l)(coshk;z — cos k;x)
—(cosh k;l — cos k;l)(sinh k;z — sin k;x)] .
When [ = 1, the first three exact eigenvalues are:

A1 = 500.563901740433,
Ao = 3803.53708049787,
A = 14617.6301311223.

Though one-dimensional case is under consideration here, it still presents a relevant
illustration of rectangular FE theory.

In Table 1 and Table 2 the efficiency of patch-recovery technique is illustrated. N,
denotes the number of elements in partition 7.
Let us introduce

S a(lanun g, Iontun, ;)

hj = .

7 (Isnuny, Ianun,)

Table 3 and Table 4 confirm the estimation obtained in Theorem 4 for eigenvalues.
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TABLE 3. the error |\, — Ay jl2.0

N =1 j=2 j=3

8 | 1.2x107% | 2.5 x 1072 0.78

16| 1.8x107% | 3.9x107* | 3.8 x 1072
321 29x107% | 64x10°% | 41x 1074

TABLE 4. the error |\; — S\/hJ"ZQ

N =1 j=2 j=3

4 2.4 %1076 1.8 x 1072 2.7

8 3.1 x107° 24 x107% | 42x 1073
16 | 44x10719 | 41x107? 7x 1074

The ultraconvergence results for the approximation of some planar fourth-order elliptic

8. CONCLUDING REMARKS

problems enable us to conclude that:

e We present an ultraconvergent patch-recovery method applied to biharmonic prob-

lems and using rectangular finite elements.

This method requires some sort of

elaboration but in return gives an effective and simple algorithm;

The interpolated finite elements described in the paper are in higher preference
as compared to the standard rectangular elements. They gain two order higher
convergence and even four order one when they are applied to eigenvalue problem;
In order to concentrate on the local recovery procedures, it is assumed that the
exact solutions of the problems considered here are sufficiently smooth. In other
words, the discussion of the singularity and boundary behaviour is omitted;
Application of the patch-recovery method to eigenvalue problems is related to the
supercloseness between the elliptic (Ritz) projection and the approximate eigen-
function (see Lemma 3);

This paper employs a kind of analysis that can be applied to more general fourth-
order elliptic operator. It is also open to generalizations to higher dimension tensor
product spaces, especially for brick elements in three dimensions. These will be
addressed in a separate paper.
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