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Plan for this talk

« DSM for a Fractal Model Problem

* Numerical Experiments
» Reaction Dominated Problems
» Convection Dominated Problems

* Future Work
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Fractal Model Problem

Find u : Q x [0,7] — R” such that

uw+ Lu=1u—eAu+ [ -Vu= f(u),
0
ulr, = up, |y = uy, 0Q=TpUTy,
on
u(z,0) = up(z),
where ¢ Is small, 5 and v, are fractal functions.

 Typically we cannot resolve all scales of u
- Want to approximate some average of u
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The Running Average

» Let h denote the finest scale we are allowed
to use (could be the computational scale).

- We define the running average u" of » on h by

1 331+h/2 $d+h/2
u'(z,t) = ﬁ/ / u(y,t) dyi...dyg
r1—h/2 rq—h/2

- We want to approximate "
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The Simplified Problem

Find uy, : ©Q x [0, T] — R"™ such that

un, + Lyun, = up, + Bh - Vuy — eAuy, = f(up),
up(z, 0) = ug(z),

where L, Is a simplified operator on h.
* Objective:

Minimize the error " — w; without refining h
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The AveragedProblem

» The running average of the model problem =

" + Lyu = f(u") + By (w),
u'(z,0) = ug (),

Fy(u) = (f(w)" = f(u") + Lyu" — (Lu)"

I} (u) contains the information on how the
unresolved scales influence u".
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The CorrectedProblem

» Approximate Fj(u) = Corrected Problem

" + (Lp + Lp)a" = f(@n) + Fu(a),
ip(,0) = ug(x),
Eh () — Lyt ~ Fy(u).
» Free to choose Ansatz of the form
o Fy (i)
o Ly,

 Or a combination of the above two
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Analysis of Fj,(u)

 If f Is a second order reaction term =

(F)" = fuh) =" (wu))" — ulu

* € constant =

(Lw)" — Ly = (8- Vu)" = " - V"

« Thatis, Fj,(u) = Z(vkwk)h — vy
k
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P.w. Constant Approximation

« Q=10,1J°
- 7" reg. quadratic mesh corresponding to /

» [f]" is the p.w. constant function on 7" that
equals f" in the midpoints of the elements.

- We want to model [vyw;]* — [v]*[ws]"
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Haar MRA in L5|0, 1]

Defined by the wavelets
vin(z) = 222z — k), where

1 O0<z<1/2
Y(x) = -1 12<x<1
0 otherwise,

and the scale function ¢ = 1 for z € [0, 1].
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Waveletsfor Haar MRA in L,[0, 1]°
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Haar Approximation (h = 27"

H | H vV .V D .D
’ f:fWJFZ (fiwine + Fiw¥in + Fin¥in)

1,k
. [f]h = fop + Z (fﬁwfk + kalﬁj‘{k + fjl,)kw]l',)k)

Jj<i,k

» [f]" is the L,-projection of f onto the space of
p.w. constant functions on the scale h.




Haar Approximation

Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.13/84




Haar Lemma

Foragivenz € Q =10,1]* (h = 277):

ww] — [v)"w]* = Z 2% (v wth + oY w!, + v wh)
J>1

for I : x € Q;; (subdomain corresp. to el. in 7"),

v¥, wh, are the Haar wavelet coefficients for v, w.
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ScaleRegqularity in Turbulence

« Kolmogorov (1941): “v(r +1) — v(r) ~ [1/3”

- Onsager (1949): “v(r +1) — v(r) ~ /3 =
v Holder cont. with exponent 1/3.

» Frisch (1995): “v; ~ C'277° stable solution for
high Re”

» Scottl, Meneveau & Saddoughi (1995):.
“Experimental findings of fractal scaling of
velocity signals in turbulent flow”
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Vg = a(x)2 1 (1/2+0@), Wi = B(x)2-11/2+1@),
corresponding to a local fractal form
Vit1 = 2_5@)1}]-, Wit = 2_7<x)w]~.
Lemma gives that
[vw]" = [v]"[w]" () ~ C(z)W",

where C'(x) and u(x) are independent of h.
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Subgrid Model  Fj,(i) ~ Fj(u)

where

[Eop]"(z,t)r — [En]™ (2, )i

E4h(513‘, t)k — [Egh]4h(37, t)k
[ Eon] () — [En]*(z, 1)k

En(tp)pi(x,t) =
1
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WelerstrassFunctions
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WelerstrasskFunction - 1D




WelerstrassFunction - 2D
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ReactionDominated Problems

Find « : [0,1]? x [0,2] — R" such that

uw—eAu= f(u), QxT=10,1]"x (0,2),

ou
%‘ag =0, u(x,0)=up(x),

e = 1079, uy is fractal, h = 272, ref. scale 277,
i — At = f(u") + Fy(u"),  u(z,0) = uf(z),
up — €Aup = f(up), up(z,0) = ull(z),

ah — EA’[Lh = f(fbh) -+ ﬁ’h(ﬂh), &h(a:, O) — ug(:c)
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u" — eAu" = (1

Uy, — €eAuy, = uh(ﬁ_

ﬂh — EA’&}L — ﬂh(:_
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Err or with and without subgrid model

u—uplli/||lu —apllt = 3.1
u— upl|a/||u— uplls = 2.5
U — Up|oo/ ||t — Upl|oo = 1.6

u—upali/|u—apli =25
U — Up 2|2/ ||u — tnll2 = 2.0
U — Up/2|loo/ ||t — Up|lee = 1.1
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”[Ll — eAul = u1(1 — ug),

?:1/2 — GA”LLQ — ug(ul — 1),
u(z,0) = (Wap, 1)

F(u)1 = —(uru2)” + ujus,

Fy(u)s = (ugu1)" — uyuy
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Err or with and without subgrid model

u— up|lr/||luv—unlli = (3.0,2.1)
u—upll2/|lu—dplla = (2.7,1.8)
U — Uplloo /||t — Unl|leo = (2.4,1.2)

u— up|i /v —anli = (1.9,1.4)

U — Upo|l2/||lu — tnlle = (1.7,1.2)
U — Up 2|00/ ||t — Unl|so = (1.1, 1.0)
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Convection Dominated Problems

U—eAu+B-Vu=1, QxT=1]0,1]* x (0,2),
ou

_‘331:1,5132:1 — O) u‘xlzo,m:Oa /U’(’CE7 O) — 07

on

e =105, 8= Wyp, h =275, ref. scale is 27,

Wt — AU + 8" VU =14 Fp(u"), u'(z,0) =0,
fdh — eAuh T ﬁh y Vuh — :_, uh(ZIZ, O) — O,

iLLh — GAth N 6h ¥ Vfbh =1+ Fh(ﬂh), fbh(aj, O) = 0.

_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.69/84




Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.70/84




_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.71/84



OISR
s
SRS

08

06
04

02l A ‘ SIS

_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.72/84



_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.73/84



_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.74/84






5 \}’IA “l 'v'!*‘\‘\&,‘ =
AL eI
N7 i 2

_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.76/84



_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.77/84



_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.78/84



_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.79/84



Err or with and without subgrid model

u— upl|1/||u—uplly =1.3
u — uplle/||u—aplls = 1.2
U — Up|oo /||t — Upl|oo = 1.1

u— up2|l1/|u—apli = 0.77
U — Upsoll2/||u — tnll2 = 0.77
U — Up 2|00/ ||t — Upl|eo = 0.60
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Futur e Work

« LES - Navier Stokes Equations
» Model influence of details of F},(u)
« Adaptivity

/(Rnum + Rmod)SO; Rmod — Fh(u) — Fh(ﬂ'h)a

¢ dual solution linearized at "

_ Claes Johnson & Johan Hoffman — Chalmers Finite Element Center — CDE Circus Tammerfors 2001 — p.84/84



	Plan for this talk
	Fractal Model Problem
	The Running Average
	The Simplified Problem
	The Averaged Problem
	The Corrected Problem
	Analysis of $F_h(u)$
	P.w. Constant Approximation
	Haar MRA in $L_2[0,1]$
	Wavelets for Haar MRA in $L_2[0,1]^2$
	Haar Approximation ($h=2^{-i}$)
	Haar Approximation
	Haar Lemma
	Scale Regularity in Turbulence
	Ansatz
	Subgrid Model $quad 	ilde {F}_h(	ilde {u}_h)approx
F_h(u)$
	Weierstrass Functions
	Weierstrass Function - 1D
	Weierstrass Function - 2D
	Reaction Dominated Problems
	$f(u)=u(1-u)$
	$u(t)quad
t=0.0$
	$u(t)quad
t=0.5$
	$u(t)quad
t=1.0$
	$u(t)quad
t=1.5$
	$u(t)quad
t=2.0$
	$F_h(u)(t)quad
t=0.0$
	$F_h(u)(t)quad
t=0.5$
	$F_h(u)(t)quad
t=1.0$
	$F_h(u)(t)quad
t=1.5$
	$F_h(u)(t)quad
t=2.0$
	$	ilde {F}_h(	ilde {u}_h)(t)quad
t=0.0$
	$	ilde {F}_h(	ilde {u}_h)(t)quad
t=0.5$
	$	ilde {F}_h(	ilde {u}_h)(t)quad
t=1.0$
	$	ilde {F}_h(	ilde {u}_h)(t)quad
t=1.5$
	$	ilde {F}_h(	ilde {u}_h)(t)quad
t=2.0$
	$|F_h(u)-	ilde
{F}_h(	ilde {u}_h)|/|F_h(u)|(t)quad t=0.0$
	$|F_h(u)-	ilde
{F}_h(	ilde {u}_h)|/|F_h(u)|(t)quad t=0.5$
	$|F_h(u)-	ilde
{F}_h(	ilde {u}_h)|/|F_h(u)|(t)quad t=1.0$
	$|F_h(u)-	ilde
{F}_h(	ilde {u}_h)|/|F_h(u)|(t)quad t=1.5$
	$|F_h(u)-	ilde
{F}_h(	ilde {u}_h)|/|F_h(u)|(t)quad t=2.0$
	Error with and without subgrid model
	* - $Vert [e_h]^hVert _1$, o - $Vert [e_{h/2}]^hVert _1$, + - $Vert [	ilde {e}_h]^hVert _1$
	* - $Vert [e_h]^hVert _2$, o - $Vert [e_{h/2}]^hVert _2$, + - $Vert [	ilde {e}_h]^hVert _2$
	* - $Vert [e_h]^hVert _{infty }$, o - $Vert [e_{h/2}]^h Vert _{infty }$, + - $Vert [	ilde {e}_h]^hVert _{infty }$
	$f(u)=(u_1(1-u_2),u_2(u_1-1))$
	$u_1(t)quad
t=0.0$
	$u_1(t)quad
t=0.5$
	$u_1(t)quad
t=1.0$
	$u_1(t)quad
t=1.5$
	$u_1(t)quad
t=2.0$
	$u_1(t)quad
t=0.0$
	$u_1(t)quad
t=0.5$
	$u_1(t)quad
t=1.0$
	$u_1(t)quad
t=1.5$
	$u_2(t)quad
t=0.0$
	$u_2(t)quad
t=0.5$
	$u_2(t)quad
t=1.0$
	$u_2(t)quad
t=1.5$
	$u_2(t)quad
t=2.0$
	$u_2(t)quad
t=0.0$
	$u_2(t)quad
t=0.5$
	$u_2(t)quad
t=1.0$
	$u_2(t)quad
t=1.5$
	Error with and without subgrid model
	* - $Vert [e^1_h]^hVert _1$, o - $Vert [e^1_{h/2}]^hVert _1$, + - $Vert [	ilde {e}^1_h]^hVert _1$
	* - $Vert [e^1_h]^hVert _2$, o - $Vert [e^1_{h/2}]^hVert _2$, + - $Vert [	ilde {e}^1_h]^hVert _2$
	Convection Dominated Problems
	$u(t)quad
t=0.0$
	$u(t)quad
t=0.5$
	$u(t)quad
t=1.0$
	$u(t)quad
t=1.5$
	$u(t)quad
t=2.0$
	$partial u/partial x_1quad t=0.0$
	$partial u/partial x_1quad t=0.5$
	$partial u/partial x_1quad t=1.0$
	$partial u/partial x_1quad t=1.5$
	$partial u/partial x_1quad t=2.0$
	Error with and without subgrid model
	* - $Vert [e_h]^hVert _1$, o - $Vert [e_{h/2}]^hVert _1$, + - $Vert [	ilde {e}_h]^hVert _1$
	* - $Vert [e_h]^hVert _2$, o - $Vert [e_{h/2}]^hVert _2$, + - $Vert [	ilde {e}_h]^hVert _2$
	* - $Vert [e_h]^hVert _{infty }$, o - $Vert [e_{h/2}]^h Vert _{infty }$, + - $Vert [	ilde {e}_h]^hVert _{infty }$
	Future Work

