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An Introductory Example

The Solar System
« Moon: T'=1/12
» Pluto: T'= 250

« Multiple
time-scales

+ Individual
time-steps

» Multi-Adaptivity!
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Solve the ODE initial value problem

u(t) — f(u(t)at)v t € (O,T],
U(O) — U,

for u : [0, 7] — RY with adaptive and individual
time-steps for the different components wu;(¢) to

achieve efficient and reliable control of the global
errorattime ¢t =1T.
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Key Features

+ Individual time-steps, quadrature and order
» Global error control

« Iterative methods

- Implementation of high order (< 50)

» Applications
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Individual Time-Steps

N

o "
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Individual Piecewise Polynomials

VNV
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Ordinary Galerkin

Ordinary Galerkin ¢cG(q) for o = f:

/OT(U’”) dt = /OT(f(U, ), v) dt Vv € W,

with U € V, U(0) = uy and the trial and test
spaces defined as

V = {U - CN([O,T]) : vi‘[j - Pq([j)}a
W= {v:ul, € P}
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Multi-Adaptive Galerkin

Multi-adaptive Galerkin mcG(q):

/OT(U’”) dt = /OT(f(U, ), v) dt Vv € W,

with U € V, U(0) = uy and the trial and test
spaces now defined as

V = {velV(0,T]): v
W = {v:vy

I;; S qu (]Z])}v
I;; < P%_l([ij)}‘
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The Discrete Equations

Making an Ansatz for U; on I;;,

qij

Ui(t) = Y &Nl (7i;(1)),
n=0
we end up with
G =&+ [ i (0) £(U)
fgr certain weight functions {wl{”} C P10, 1).
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The Discontinuous Method

Similarly for the multi-adaptive version of the
discontinuous method, mdG(q), we obtain

S = G0+ [ 0l () (U d,

1

for certain weight functions {wi?]} C P40,1).
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- mcG(q) conserves energy if ky, = ky;.
- mdG(q) is B-stable:

\UE) =VE)I<|U©0) = V()]
If fis monotone, I.e.

(f(U,-)—f(v,-),u—v) SO\V/U,U ERN.
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A Priori Error Estimates

» mcG(q) is of order 2¢ (locally 2¢;;):

T
el < / (K24, w) dt,
0

- mdG(q) is of order 2¢ + 1 (locally 2¢;; + 1):

T
lell < / (K24 ) dt.
0
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A Posteriori Error Estimates

e < Eg+ Ec + Eg

» Eq: Galerkin error
« E-: Computational error
« Eg: Quadrature error
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The Dual Problem

<r —p(t) = J*(ult),U(t),t)e(t) + g(t), t € [0,T),
\ o(T) = or,
where

1 S
J (v1,v9, ) = ( %(svl + (1 — s)vg, -) ds) .
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The Galerkin Error: E

- Many different variants
» More or less local/global:

Eq

Jo (R, — mep) dt
YL S Ly Ri(U) (i = muger)

N M; ij+1 [9i4]
< Zizl Zj:l CC]ij_lkgj Tijsig
< ¥ Sz'[Q] maxo,r1{Cq,—1k5'7i }
< S[Q]’l\/ﬁmaXi,[o,T] {C i_lk;”"m}
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The Computational Error: Eq

N
Fo ~ G0 RC
o ; @ I[I&aﬁ\ dl

RS = - |U(t) = Ultig) = [ 10 de

IS the discrete residual.
—
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The Quadrature Error: Eg

N
Eo =~ GlO] R<
Q Z_Zl i I[Iol%}]( | i ‘ 7

Q_ f . : — . : _
Ri B /Cz'j _/IijfZ(Uv7 )dt /Iz'j fZ(U’ )dt_

IS the quadrature residual.
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Solving the Discrete Equations
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An lterative Method

» Arrange elements in time-slabs
« Gauss-Seidel type iterations

» Diagonal Newton

» Control discrete residual and E
- Adaptive quadrature
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A Simple Strategy

The last component steps first.
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Multi-Adaptive Time-Stepping

Action: Redoing steps

¥
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=2.6667
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=2.6667
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=3
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.01
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Redoing steps
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Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.01
n=2
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Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.01
n=2
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Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.01
n=2
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Multi-Adaptive Time-Stepping

Action: Covering

t=0.02
n=2
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Multi-Adaptive Time-Stepping

Action: Covering

t=0.027
n=2
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Multi-Adaptive Time-Stepping

Action: Covering

t=0.035
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.035
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=

|
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=2.6667
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Multi-Adaptive Time-Stepping

Action: Covering

t=0.03
n=3

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.044
n=3
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Multi-Adaptive Time-Stepping

Action: Covering

t=0.04
n=3
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=3
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.03
n=

@
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.03
n=

@
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=

@
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=2

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.027
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.035
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.035
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=2

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=2
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2.6667
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Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.02
n=2.6667
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CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.03
n =2.8333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.03
n =2.8333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n =2.8333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n =2.8333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.035
n=3.1667

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.02
n = 3.3333

e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.027
n = 3.3333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.035
n = 3.3333

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.03
n = 3.3333

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.06
n = 3.3333

@
\e\ Anders Logg - | ogg@at h. chal ners. se
naers - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - ©-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.05
n = 3.3333

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n = 3.3333

|
\e\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=

|
\e\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=

@
e\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

|
\e\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=2

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.044
n=2

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=2

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=2

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=2

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=2

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=275

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.04
n=275

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=3

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=3.25

|
\e\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.044
n=3.5

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.04
n=3.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.061
n=3.5

@
\6\ Anders Logg - | ogg@at h. chal ners. se
naers - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - ©-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.06
n=3.5

@
\6\ Anders Logg - | ogg@at h. chal ners. se
naers - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - ©-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=3.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=2

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=2

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=2

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=2

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=2.5

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.05
n=2.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.06
n=2.5

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.06
n=3

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.05
n=3

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.06
n=3

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t =0.085
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.07
n=3

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=3

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.061
n=

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.085
n=

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.085
n=

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=2

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=2

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=2.3333

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=2.3333

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.085
n=2.6667

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Clearing steps

t=0.061
n=3

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.078
n=3

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.08
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t =0.095
n=3

\6\ Anders L | ogg@at h. chal mers. se
nders Logg - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - ©-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.09
n=3

@
\6\ Anders Logg - | ogg@at h. chal ners. se
naers - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - ©-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.085
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.085
n=

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=

|
\6\ Anders Logg - | ogg@rat h. chal ners. se
n - . .
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.078
n=

\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.078
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.08
n=

% \‘
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.08
n=

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t = 0.095
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t = 0.095
n=

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=2

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=2

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.078
n=2

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.078
n=2

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=2

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=2

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=2.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.07
n=2.5

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.08
n=2.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.08
n=2.5

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=2.5

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=2.5

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.085
n=3

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=3

% \6
__ Anders Logg - | ogg@rat h. chal ners. se
\

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=3

v —
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping
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Action: Covering

t=0.1
n=3.5

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Covering

t=0.1
n=3.5

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - $-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.1
n=3.5

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t = 0.095
n=

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t = 0.095
n=

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=

o—
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=2

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t =0.095
n=2

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=2

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.09
n=2

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

=0.1
=2

t
n

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

=0.1
=2

t
n

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.1
n=275

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

t=0.1
n=275

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping

Action: Redoing steps

1

0.
3

t
n

:k\
‘\ Anders Logg - | ogg@rat h. chal ners. se

CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.21/49



Multi-Adaptive Time-Stepping
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Action: Clearing steps
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Done
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The Lorenz System

T = o(y—x),
Yy = rx—1y— Iz,
z = xy — bz,

where we, as usual, take (zq, yo, 20) = (1,0, 0),
oc=10,b=8/3 and r = 28.
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The Solution?

N, |1 || I
> 10 Ll 4 w - N 25
M 20

Jowntl] Wm”,‘ww :

_20 -

30 : : : 0
10 4 30 40 -20

o
|
Cat—
e\ Anders Logg - | ogg@rat h. chal ners. se

i CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.23/49




A Simple Experiment
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same thing with Matlabs ode45:
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same thing with Matlabs ode45:
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Getting Further

- Small Galerkin error
« Large computational error

We must thus decrease the computational error,
which means decreasing the discrete residual,

10—16
2 .

This In turn means that we have to increase the
time-step!
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A Simple Experiment — continued

Increasing the time-step to £ = 0.1:

cG(7)
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A Simple Experiment — continued
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A Simple Experiment — continued
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A Simple Experiment — continued

Increasing the time-step to £ = 0.1:

20 T

-15 O S A R

—20

L L L L L L L L L
(o] 10 20 30 40 t 60 70 80 90 100

™% e\\ Anders Logg - | ogg@rat h. chal mers. se

S CHALMERS FINITE ELEMENT CENTER LICENTIATE SEMINAR - &-DAY June 6 2001 — p.27/49



A Simple Experiment — continued
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A Simple Experiment — continued
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A Simple Experiment — continued

Increasing the time-step to £ = 0.1:
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A Simple Experiment — continued

Increasing the time-step to £ = 0.1:
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A Simple Experiment — continued

Increasing the time-step to £ = 0.1:
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The Stability Factor
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A Simple Estimate

A simple estimate for the stability factors is
ST ~ 107773,
so that

10~ 16
k

EC(T) ~ 10T/3 OT/3 16/k,
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How far we get

Keeping £~ < 1 we find the maximum value of T

«T'=3-13 =39 with £ = 0.001
cT'=3-15=45with £ = 0.1

« not much further with larger time-step, since
soon we will have k > T
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The Solar System
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The Dual
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Error Growth
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The Earth, the Moon and the Comet
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Time-Steps
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The Dual
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Stability Factors
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Planetjakten

Startal
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A Mechanical Multi-Scale System

mZ:L‘Z — /{(LUZ'_H — fz) — ]‘CCIZ};, 1 = 1,
mit; = k(zi — ) — k(r; —xi1), 1<i<N,
mit; = —k(r; —xi_1), 1 =N
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A Propagating Front Problem
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A Propagating Front Problem
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The Heat Equation

w(x,t) — Au(x,t) = f(x, 1)
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Burger’s Equation with Moving Nodes

w4 pur —eu” =0

[ sin(wx/xg), 0<x < x,

0, elsewhere

\
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Solution
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Node Paths
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Future Work

« Further development of the iterative strategy
« Extension to PDEs (in more detall)

« Extension to DAEs

» More applications

This presentation is available at ww. phi . chal ners. se
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