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Topics
The FEniCS Project Adaptivity

Cut FEM FSI
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What is FEniCS?
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FEniCS is an automated programming
environment for differential equations

C++/Python library

Initiated 2003 in Chicago
1000-2000 monthly downloads
Part of Debian and Ubuntu
Licensed under the GNU LGPL

http://fenicsproject.org/

Collaborators

Simula Research Laboratory, University of Cambridge,
University of Chicago, Texas Tech University, University of
Tezas at Austin, KTH Royal Institute of Technology, . ..
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FEniCS is automated FEM

e Automated generation of basis functions
e Automated evaluation of variational forms
e Automated finite element assembly

e Automated adaptive error control
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FEniCS is automated scientific computing

Input
o A(w) =]

e c>0
Output
e Approximate solution:
Up = U
e Guaranteed accuracy:

[ — unl| <€

OFF

BC BC/INIT

V=71 u=kVu |
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How to use FEniCS?
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Installation

>

Mac OSX

¢ @

Official packages for Debian and Ubuntu

Drag and drop installation on Mac OS X

Binary installer for Windows

Automated installation from source
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Hello World in FEniCS: problem formulation

Poisson’s equation

—Au=f inQ
u=0 on of)

Finite element formulation

Find v € V such that

/Vu-Vvd:U:/fvdm VoeV
Q Q

a(u,v) L(v)
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Hello World in FEniCS: implementation

from dolfin import *

mesh = UnitSquare (32, 32)

V = FunctionSpace(mesh, "Lagrange", 1)
u = TrialFunction (V)

v = TestFunction (V)

f = Expression("x[0]*xx[1]")

a = dot(grad(u), grad(v))*dx

L = fxv*dx

bc = DirichletBC(V, 0.0, DomainBoundary())

u = Function (V)
solve(a == L, u, bc)
plot (u)
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Linear elasticity

Differential equation

Differential equation:

Vo) = f
where
o(v) = 2pe(v) + At e(v) T
() = 5(Vo+ (Vo))

e Displacement u = u(z)

e Stress 0 = o(x)
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Linear elasticity

Implementation

element = VectorElement("Lagrange", "tetrahedron", 1)

def

TestFunction(element)
TrialFunction(element)
Function(element)

epsilon(v):
return 0.5%(grad(v) + grad(v).T)

sigma(v):
return 2.0*mu*epsilon(v) + lmbda*tr(epsilon(v))x*I

inner(sigma(u), epsilon(v))*dx
dot (f, v)x*dx
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Poisson’s equation with DG elements

Differential equation

Differential equation:
—Au=f

o uclL?

e 1 discontinuous across
element boundaries
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Poisson’s equation with DG elements

Variational formulation (interior penalty method)

Find w € V such that
a(u,v) = L(v) YveV
where
a(u, v) = /QVu Vodz
+ 3 [ ~(90) - o~ [ (90) + (a/)ul - 1. 45
S

+/ =Vu - [v]n = [u]n - Vo + (v/h)uvds
00

L(v):/ﬂfvda:vL/anvds
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Poisson’s equation with DG elements
Implementation

v

FunctionSpace(mesh, "DG", 1)

u = TrialFunction(V)
TestFunction(V)

<
I

= Expression(...)
Expression(...)
= FacetNormal (mesh)
= CellSize(mesh)

B B 0@ H
]

)
]

dot (grad(u), grad(v))*dx

- dot(avg(grad(u)), jump(v, n))=*dS

dot (jump(u, n), avg(grad(v)))=*dS
alpha/avg(h)*dot (jump(u, n), jump(v, n))*dS
dot(grad(u), jump(v, n))x*ds

- dot (jump(u, n), grad(v))x*ds

gamma/h*u*xv*ds

+

+

Oelgaard, Logg, Wells, Automated Code Generation for Discontinuous Galerkin Methods (2008)
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# Tentative velocity step (sigma formulation)

U = 0.5%(u0 + u)

F1 = rho*(1/k)*inner(v, u - u0)*dx +

rho+inner (v, grad(u0)*(u0 - w))+dx \
+ inner(epsilon(v), sigma(U, p0))=dx \
+ inner(v, pO*n)+ds - muxinner(grad(U).T*n, v)*ds \
- inner(v, f)*dx

al = 1hs(F1)

L1 = rhs(F1)

Simple prototyping and development in Python

class StVenantKirchhoff(MaterialModel):

def model_info(self):
self .num_parameters = 2
self.kinematic_measure = \
"GreenLagrangeStrain"

def strain_energy(self, parameters):
E = self.E
[mu, lmbda] = parameters
return lmbda/2*(tr(E)**2) + mu*tr(E*E)

class GentThomas (MaterialModel):

def model_info(self):
self .num_parameters = 2
self.kinematic_measure = \
"CauchyGreenInvariants"

def strain_energy(self, parameters):
I1 = self.Il
I2 = self.I2

[C1, C2] = parameters
return C1*(I1 - 3) + C2%1n(I2/3)

# Time-stepping loop
while True:

# Fixed point iteration on FSI problem
for iter in range(maxiter):

# Solve fluid subproblem
F.step(dt)

# Transfer fluid stresses to structure

Sigma_F = F.compute_fluid_stress(u_FO, u_F1,
p_FO, p_F1,
U_MO, U_M1)

S.update_fluid_stress(Sigma_F)

# Solve structure subproblem
U_S1, P_S1 = S.step(dt)

# Transfer structure displacement to fluidmesh
M.update_structure_displacement (U_S1)

# Solve mesh equation
M.step(dt)

# Transfer mesh displacement to fluid
F.update_mesh_displacement (U_M1, dt)

# Fluid residual contributions
R_FO = w+inner (EZ_F - Z_F, Dt_U_F - div(Sigma_F))+dx_F
R_F1 = avg(w)*inner(EZ_F(’+’) - Z_F(’+’)
jump (Sigma_F, N_F))*dS_F
wrinner (EZ_F - Z_F, dot(Sigma_F, N_F))xds
w+inner (EY_F - Y_F,
div(J(U_M)*dot (inv(F(U_M)), U_F)))*dx_F
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Simple development of specialized applications

# Define Cauchy stress tensor
def sigma(v,w):

return 2.0*mu*0.5%(grad(v) + grad(v).T) -
wrIdentity(v.cell().d)

# Define symmetric gradient
def epsilon(v):
return 0.5+(grad(v) + grad(v).T)

# Tentative velocity step (sigma formulation)
U = 0.5%(u0 + u)
F1 = rhox(1/k)*inner(v, u - u0)*dx +
rho*inner (v, grad(u0)+(u0 - w))+dx \
+ inner (epsilon(v), sigma(U, p0))*dx \
inner (v, pO*n)*ds - mu*inner (grad(U).T*n, v)*ds \
inner (v, f)*dx
1lhs(F1)
rhs (F1)

atl
L1

o+

# Pressure correction
a2 = inner(grad(q), k+grad(p))+dx
L2 = inner(grad(q), k*grad(p0))+dx - g+div(ul)+dx

# Velocity correction
a3 = imner (v, u)*dx
L3 = inner(v, ul)+dx + inner(v, k*grad(p0 - pi))+dx

« The Navier-Stokes solver is implemented in Python/FEniCS
« FEniCS allows solvers to be implemented in a minimal amount of code
. Simple integration with application specific code and data management

Valen-Sendstad, Mardal, Logg, Computational hemodynamics (2011) 14 /40



FEniCS under the hood
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Automatic code generation

Input
Equation (variational problem)

Output
Efficient application-specific code

Equation (variational form)

Form compiler
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Code generation framework

UFL - Unified Form Language
UFC - Unified Form-assembly Code

e Form compilers: FFC, SyFi

a(u,v) = (Vu, Vv)

FFC

Poisson.h

C++ code
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Form compiler interfaces

Command-line

>> ffc poisson.ufl

Just-in-time

= FunctionSpace(mesh, "CG", 3)
TrialFunction (V)

TestFunction (V)
assemble(dot(grad(u), grad(v))*dx)

=g e <
nn
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Code generation system

mesh = UnitSquare(32, 32)

Hh g e <
1]

v

FunctionSpace (mesh, "Lagrange", 1)
TrialFunction(V)

TestFunction(V)
Expression("x[0]*x[1]")

dot(grad(u), grad(v))*dx
fxvxdx

bc = DirichletBC(V, 0.0, DomainBoundary())

A
b

assemble(a)
assemble (L)

bc.apply(4, b)

u = Function(V)
solve(A, u.vector(), b)
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Code generation system

mesh = UnitSquare(32, 32)

V = FunctionSpace(mesh, "Lagrange", 1)
u = TrialFunction(V)

v = TestFunction(V)

f = Expression("x[0]*x[1]")

a = dot(grad(u), grad(v))=*dx

L = f¥vxdx

bc = DirichletBC(V, 0.0, DomainBoundary())

A = assemble(a)
b = assemble(L)
bc.apply (A, b)

u = Function(V)
solve(A, u.vector(), b)

(Python, C++-SWIG-Python, Python-JIT-C++-GCC-SWIG-Python)
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Just-In-Time (JIT) compilation

User program (Python)
l Form (UFL)

MatrixT
Object code DOLFIN (assembler) Python interface

Form (UFL) l

Form compiler (FFC/SFC)

‘/ \Cii code (UFC)
SWIG

C++ compiler (GCC)
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Automated error control
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Automated goal-oriented error control

Input

® Variational problem: Find v € V: a(u,v) = L(v) Vv eV
® Quantity of interest: M :V — R

e Tolerance: € > 0

Objective
Find V}, C V such that |[M(u) — M(up)| < € where

a(up,v) = L(v) YveWV,

Automated in FEniCS (for linear and nonlinear PDE)

[
‘solve(a ==L, u, M=M, tol=1e-3)
L

22 /40



Key steps to automated error control

e Automated linearization
e Automated generation of the dual problem

e Automated integration by parts:

rT(v):/RT'vdx—i-/ Ror -vds
T or

Test against bubble functions to solve for Ry and Rgp

e Automated computation of error indicators:

nr = |(Rr, Zn — zn)7 + ([Ror], Zn — 2n)or|

e Automated mesh refinement

e Dual problem solved on same function space and
extrapolated

Rognes, Logg, Automated Goal-Oriented Error Control I: Stationary Variational Problems (2010)
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Poisson’s equation

10°!

=3
T

Error estimate

« -+ Error
0—o Estimate
»—x Summed indicators

10°

10 10° 10°
#dofs

a(u,v) = (Vu, Vo)
M(u):/ruds, I'c o2
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A three-field mixed elasticity formulation

« -« Error
¢—0 Estimate
»—x Summed indicators

Error estimate

a((o,u,v), (t,v,m)) = (Ao, 7) + (u,div ) + (dive,v) + (v, 7) + (o, 1)

M((o,u,n)) = /Fga-n-tds
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Incompressible Navier—Stokes

Outflux & 0.4087 &+ 10~
Uniform

1.000.000 dofs, N hours
Adaptive

5.200 dofs, 127 seconds

from dolfin import *
class Noslip(SubDomain): ...

mesh = Mesh("channel-with-flap.xml.gz"
V = VectorFunctionSpace(mesh, "CG", 2)
Q = FunctionSpace(mesh, "CG", 1)

W o= v+Q

# Define test functions and unknown(s)
(v, q) = TestFunctions (W)

w = Function (W)

(u, p) = split(w)

# Define (non-linear) form
n = FacetNormal (mesh)
PO = Expression("(4.0 - x[01)/4.0")

F = (0.02+inner (grad(u), grad(v)) + inner(grad(u)+u),

- prdiv(v) + div(uw*q + dot(v, n)*pO+ds

*

Define goal functional
= ul0]*ds(0)

=

# Compute solution
tol = le-4
solve(F == 0, w, becs, M, tol)

v)*dx

Rognes, Logg, Automated Goal-Oriented Error Control I (2010)
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Cut finite elements
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Multiple geometries — multiple meshes

Massing, Larson, Logg, Rognes, A Nitsche overlapping mesh method for the Stokes problem (2012)
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Multiple geometries — multiple meshes

Massing, Larson, Logg, Rognes, A Nitsche overlapping mesh method for the Stokes problem (2012)
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A Nitsche formulation for the Stokes problem

Variational formulation
Find (up, pr) € ViF x QY such that V¥ (vs, q) € ViF x Q:

ap(wh, VR)+bp(Vh, pr)+bn (W, qn)+sh(wn, VR) =Sk (Uh, Pr; VR, Gh) = La(vh, qn)

where

ap(wn, vi) = (Van, Vo )o,u0, —(Onun), [vi])r
Nitsche terms
—((Opvn), [un])r +v(h ' [ug), [oa])r,
Nitsche terms
br(vn, an) = —(V - vp, qn)a,u, + (- [vnl, (an))r,
Nitsche terms

sp(un,vp) = (V(up1 — up2), V(vna — vn2))a,

Ghost penalty for u

Sn(wn, pr;vn,an) =8 Y hp(—Aup + Vpp, —alvy, + BV an)r,
TeT, ' UT2

Stabilization and ghost penalty

Lu(v,q) = (f,0) =6 > hi(f,—alvy + BVa)r.
TET, UT2
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Ghost-penalties added in the interface zone

"\,
\,
//
/ \
Il' \
\
/ ]
I
T T
\
\
i
/
/
\ /
J
\\ /,
N ~
N

§ Y. hr(—Aup+Vpn, —alv,+BY
(C (U]%l — uh_g), V (Uh71 — UI%,Q))Q() = 7( up+Vpn, —alAvy+BVan)r
2

Ghost penalty for u Ghost penalty for p
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Optimal a prior: estimates

Theorem

Let k,1 > 1 and assume that (u,p) € [H**1(Q))? x HFY(Q) is a (weak) solution
of the Stokes problem. Then the finite element solution (up,pp) € V,f X Qﬁl

satisfies the following error estimate:

1w = wn,p = p)lll S 2 |wlksr + 2 pliga

/

e o A:1.00

e o A1.49
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Bounded condition numbers

Theorem

There is a constant C > 0 independent of the position of T', s.t. the
condition number of the stiffness matrix A associated with the Nitsche
fictitious domain method satisfies
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Bounded condition numbers

Theorem

There is a constant C > 0 independent of the position of T', s.t. the
condition number of the stiffness matrix A associated with the Nitsche
fictitious domain method satisfies

w(A) < Ch™2,

T I
v
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Bounded condition numbers
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w(A) < Ch™2,

T* I
Y
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Bounded condition numbers

Theorem

There is a constant C > 0 independent of the position of T', s.t. the
condition number of the stiffness matrix A associated with the Nitsche
fictitious domain method satisfies

e 3-0.000
oo 3-0.001 |]
oo (3-0.010
oo (3=1.000
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Stokes flow for different angles of attack

Velocity streamlines Pressure
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Stokes flow for different angles of attack

Velocity streamlines Pressure
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Fluid—structure interaction on cut meshes

| Fluid /] Mesh + Fluid /] Structure Interface
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Fluid—structure interaction on cut meshes

BINSERNY

AR

Larson, Logg, Massing, Rognes, Fluid-structure interaction on cut meshes (in preparation)

35 /40



Fluid—structure interaction: displacement

Larson, Logg, Massing, Rognes, Fluid-structure interaction on cut meshes (in preparation)
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Fluid—structure interaction: velocity magnitude

Larson, Logg, Massing, Rognes, Fluid-structure interaction on cut meshes (in preparation)
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Closing remarks
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Ongoing activities

e Parallelization (2009)

e Automated error control (2010)
e Debian/Ubuntu (2010)

e Documentation (2011)

e FEniCS 1.0 (2011)

e The FEniCS Book (2012)

6& FENCS.
PPOJECS

Automated Solution
of Differential Equations

by the Finite Element

Method .
The FENiCS Book Cambrldge March 2013

e Visualization, mesh generation
e Parallel AMR
e Hybrid MPI/OpenMP

e Overlapping/intersecting meshes

e FEniCS’13
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Summary

Automated solution of PDE

Easy install

Easy scripting in Python

Efficiency by automated code generation
Free/open-source (LGPL)

http://fenicsproject.org/

£/ Constructor
form() {}

he global tensor
VITEUaT unsigned int rank() const H

£/ Return the numbe
virtual unsigned int .
B

of exterior facet
num_exterior facet

f/f Create a ne|
virtual finite

f/f Create a ne
virtual dof map* create dof map(unsigned

/// Create a new cell integral
virtual cell integral* create cell integr
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